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Abstract 


We characterize Gaussian estimates for transition probability of a discrete time 
Markov chain in terms of geometric properties of the underlying state space. In 
particular, we show that the following are eqnivalent: 

(1) Two sided Gaussian bounds on heat kernel 

(2) A scale invariant Parabolic Harnack inequality 

(3) Volume doubling property and a scale invariant Poincare inequality. 

The underlying state space is a metric measure space, a setting that includes both 
manifolds and graphs as special cases. An important feature of our work is that 
our techniques are robust to small perturbations of the underlying space and the 
Markov kernel. In particular, we show the stability of the above properties under 
quasi-isometries. We discuss various applications and examples. 
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CHAPTER 1 


Introduction 


The goal of this work is to characterize Gaussian estimates for Markov chains 
and parabolic Harnack inequality for a corresponding discrete time version of heat 
equation by two geometric properties on the state space 


1. Large scale volume doubling property 

2. Poincare inequality. 

A precise statement of this characterization is given in Theorem 1.4. The Gauss¬ 
ian estimates mentioned are upper and lower bounds for the iterated transition 
probability kernel. The parabolic Harnack inequality is a regularity estimate for 
non-negative solutions of the discrete time heat equation given by m(A: -I- 1, x) = 
•)](a;), where P is the Markov operator corresponding to the given Markov 

chain. 

The hardest and most useful implication in the characterization is that the con¬ 
junction of the volume doubling property and Poincare inequality implies the two 
sided Gaussian estimates and parabolic Harnack inequality. The volume doubling 
property and Poincare inequality are concrete properties the validity of which can 
be verified given the geometric data on the space. Also, an important consequence 
of this characterization is the stability of Gaussian estimates and parabolic Harnack 
inequality under quasi-isometric transformation of the underlying space. 

An analogous characterization is well-known for diffusions on Riemannian man¬ 
ifolds [32, 69] (or more generally local Dirichlet spaces [76]) and for discrete time 
Markov chains on graphs [27]. We extend the characterization of Gaussian esti¬ 
mates for Markov chain to a large family of state spaces that includes both graphs 
and Riemannian manifolds. Various applications of Gaussian estimates and Har¬ 
nack inequalities are discussed. 

Another motivation comes from the work of Hebisch and Saloff-Goste [44] on 
random walks on groups. By the main results of [44], we know that many natu¬ 
ral translation-invariant Markov chains on groups (discrete and continuous groups) 
of polynomial volume growth satisfy two-sided Gaussian estimates. However the 
arguments in [44] for proving Gaussian lower bounds are specific to the case of 
translation-invariant Markov chains as the authors of [44] note “We want to em¬ 
phasize that a number of key points of the argument presented below are specihc to 
the case of translation invariant Markov chains”. To this end they conjecture “We 
have no doubt that, if G has polynomial volume growth a corresponding Gaussian 
lower bound holds for (non transition-invariant) Markov chains as well. However, 
we have not been able to prove this result. We hope to come back to this question 
in the future. ” [44, Remark 2]. Our work validates their conjecture. 
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1. INTRODUCTION 


A remarkable feature of our work is that the arguments we develop are robust 
under small perturbations of the Markov kernel and the geometry of the under¬ 
lying state space. In particular, we show that parabolic Harnack inequality and 
Gaussian estimates for heat kernel for symmetric Markov chains is stable under 
quasi-isometric change of the state space and small changes in the Markov kernel. 
We do not rely on symmetries of the space (like group structure or transitivity) or 
on algebraic properties of the kernel (like translation invariance). As a consequence, 
the main results are new even when the state space is R". 

Heat kernel estimates and Harnack inequalities have been subjects of extensive 
research for more than fifty years. To place our results in a historical context, we 
will describe precisely the characterization of Gaussian estimates of heat kernel and 
parabolic Harnack inequality in the context of diffusions over manifolds developed 
in [32, 69]. We will also mention several related works, applications and other 
historical remarks. 

1.1. Diffusions on Riemannian manifolds 

For the purpose of the introduction, we describe our results in the restricted 
setting of weighted Riemannian manifolds. Let {M, g) be a complete Riemannian 
manifold equipped with the Riemannian measure i'{dy). A weighted Riemann¬ 
ian manifold (M, g, y) is a Riemannian manifold (M, g) equipped with a mea¬ 
sure fi{dy) = a{y)v{dy), where 0 < cr G C°°{M) is the weight, and the associ¬ 
ated weighted Laplacian is given by A = —div (tr grad)^. We might some¬ 
times consider a Riemannian manifold (M, g) as & weighted Riemannian mani¬ 
fold equipped with Riemannian measure and Laplace-Beltrami operator. We de¬ 
note the balls centered at x and radius r by B{x,r) := {y : d(x,y) < r} and 
the volume of the balls by V{x,r) := y,{B{x,r)). We denote the open balls by 
B{x,r)° := {y : d{x,y) < r} 

The heat kernel of the weighted Riemannian manifold {M,g,ii) is the fun¬ 
damental solution of a parabolic partial differential equation, the heat diffusion 
equation 

( 1 . 1 ) + = 

That is heat kernel is a function {t, x, y) i—>■ pit, x, y) defined on (0, oo) x M x M 
such that for each y G M, {t,x) )->■ p{t,x,y) is a solution of (1.1) and for any 
(j) G C^iM), u{t,x) = Jj^p{t,x,y)(j){y)fiidy) tends to ^(x) as t tends to 0. In 
other words, the heat kernel allows us to solve the Cauchy initial value problem 
for (1.1). Equivalently, we may view pit,x,y)fj,idy) as the distribution at time t of 
a stochastic process iXt)ty.o started at x (the diffusion driven by A on M). These 
two viewpoints are related by the formula 

(1.2) u{t,x)= [ p{t,x,y) fi{dy) =Ej,{uo{Xt)) 

Jm 

where u is the solution of Cauchy initial value problem for (1.1) with initial value 
condition uq. 


^The negative sign is to ensure that A has non-negative spectrum. Note that A depends on 
the Riemannian metric g and the weight a. 
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The most classical example of heat kernel is the Gauss-Weierstrass kernel on 
R" equipped with the Lebesgue measure, the Laplacian A = — 
heat kernel is given by 

p{t,x,y) = exp^-^^^^^, t > 0, x,yeK"'. 


We will present a well-known geometric characterization of those weighted Rie- 
mannian manifolds on which the heat kernel satisfies two-sided Gaussian bounds, 
that is having the property that there exists positive reals ci, C 2 , Ci, C 2 such that 

d{x,yf\ /, N / Cl ( d{x,yY' 


Cl 


V{x,y/t) 


exp 


C2t 


< P{t,x,y) < 


V{x, ^/i) 


exp 


C2t 


for alH > 0 and for all x,y G M. 

Next, we describe Harnack inequalities for (M, g, fi) equipped with the weighted 
Laplacian A. We say that {M,g,fi) satisfies elliptic Harnack inequality if there 
exists C > 0 such that any non-negative harmonic function u in a ball B{x, r) (that 
is u satisfies Art = 0 in B{x,r)°) satisfies the inequality 


(1.3) 


sup u < C inf u. 

B{x,r/2) B{x,r/2) 


The constant C G (0, 00 ) is independent x, r and u. An important consequence 
of the elliptic Harnack inequality in R" for the Laplacian A = — X)r=i that 

global positive harmonic functions must be constant (Liouville property). 

J. Moser [61] proved elliptic Harnack inequality (1.3) for divergence form op¬ 
erators of the type 


(1.4) 


n 


*, 1=1 


d d 

dxi dxj 


where aij are bounded measurable real functions on M" satisfying Oij = aj^i and 
the uniform ellipticity condition; 

VxeR”, VeeR”, Ajief <^a*.i(ai)e,0 < Ajief 

for two constants 0 < A < A < 00 . This elliptic Harnack inequality implies the 
crucial Holder continuity for solutions^ of the associated elliptic equation Cu = 0, 
a result proved earlier by E. de Giorgi [24] and J. Nash [64] (See also [60]). 

An important motivation behind the Holder continuity of solutions obtained 
by de Giorgi, Nash and Moser [24, 64, 60] was to solve one of the famous Hilbert 
problems. Hilbert’s nineteenth problem asks whether the minimizers of Dirichlet 
integrals 

E{u) = f F{Vu{x))dx 

Jn 

are always smooth, if F is smooth and strictly convex, where H C R" is bounded. E. 
de Giorgi and J. Nash independently answered Hilbert’s question in the affirmative. 
We refer the interested reader to [49, Theorem 14.4.1] for a detailed exposition of 
the smoothness of the minimizers of Dirichlet integrals using Holder regularity 
estimates of de Giorgi and Nash. 


^by solutions we mean weak solutions. 
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1. INTRODUCTION 


It is a long standing open problem to characterize (in geometric terms) those 
weighted manifolds that satisfy elliptic Harnack inequality. A related open question 
is to determine whether or not elliptic Harnack inequality is preserved under quasi¬ 
isometries. However several examples of Riemannian manifolds that satisfy elliptic 
Harnack inequality are known. For instance, Cheng and Yau [16] proved that there 
exists a constant depending only n = dim(M) such that for any positive solution 
u of Au = 0 in B{x,r)° on a Riemannian manifold {M,g) with Ricci curvature 
bounded from below by —K for some K > 0 satisfies 

(1.5) |Vln(M)| < C(r“^-I- AT) m B{x,r/2). 

When K = 0, integrating the gradient estimate along minimal paths we immedi¬ 
ately obtain the elliptic Harnack inequality (1.3) for Riemannian manifolds with 
non-negative Ricci curvature. 

We now describe the parabolic version of (1.3). For any x G M, s G ffi., r > 0, 
let Q = Q{x, s, r) be the cylinder 

Q{x, s, r) = {s — s) x B{x, r)°. 

Let Q+ and Q- be respectively the upper and lower sub-cylinders 

Q+ = (s- (l/4)r^,s) X B{x,rl2)°, = {s- (3/4)r^,s- (l/2)r^) x B{x,r/2)°. 

We say that (M, g, fi) satisfies parabolic Harnack inequality if there exists a constant 
C such that for all x € M, s G K., r > 0 and for all positive solutions of (^ — A) it = 
0 in Q = Q{x, s, r), we have 

(1.6) sup It < C inf It. 

Q- Q+ 

The constants 1/4, 3/4,1/2 appearing in the definition of Q+,Q- are essentially 
arbitrary choices. The main difference between elliptic and parabolic Harnack in¬ 
equalities is that the cylinders Q+ and Q- are disjoint in (1.6) whereas in the 
elliptic case (1.3) the infimum and supremum are taken over the same ball. 

J. Moser attributes the first parabolic Harnack inequality to Hadamard and 
Pini for operators with constant coefficients on R”. In [62], J. Moser proved the 
parabolic Harnack inequality for uniformly elliptic operators in divergence form as 
given by (1.4). As in the elliptic case, the parabolic Harnack inequality (1.6) implies 
Holder continuity of the corresponding solutions. This Holder continuity was first 
obtained by J. Nash [64] in the parabolic setting and Moser’s parabolic Harnack 
inequality gives an alternative proof of Holder continuity. For a proof of Harnack 
inequality using the ideas of Nash, we refer the reader to the work of Fabes and 
Stroock [31] 

The gradient estimates (1.5) of Cheng and Yau was generalized to the parabolic 
case by P. Li and S.T. Yau in [58]. The parabolic gradient estimates in [58] im¬ 
plies that complete Riemannian manifolds with non-negative Ricci curvature satisfy 
parabolic Harnack inequality (1.6). 

In contrast to elliptic Harnack inequality, there is a satisfactory description of 
weighted Riemannian manifolds that satisfy the parabolic Harnack inequality as 
described below. 

Theorem 1.1. {[32, 69]/ Let {M,g,fj,) be a weighted, non-compact, complete 
Riemannian manifold equipped with the weighted Laplacian A and let p{t, x, y) de¬ 
note the corresponding heat kernel. The following three properties are equivalent: 
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(a) The parabolic Harnack inequality: there exists a constant Ch > 0 such that, 
for any ball B = B(x,r), x € M, r > 0 and for any smooth positive solution u 
of + A) u = 0 in the cylinder (s — r'^,s) x B{x,r)°, we have 

sup u < Ch inf u 
Q- Q+ 

with 


Q+ = (s- (l/4)r^s) X B{x,r/2)°, Q_ = (s - (3/4)r^ s - (l/2)r2) x B{x,r/2)°. 

(b) Two sided Gaussian estimates of the heat kernel: there exists positive reals 
ci,C 2 ,Ci,C 2 such that 


Cl 

V(x,\/i) 



d{x,y)^ \ 
C2t j 


< P{t,x,y) < 


Cl 

V(x, Vi) 



dix,y)^ \ 
C2t j 


for all t > 0 and for all x,y G M. 

(c) The conjunction of 

• The volume doubling property: there exists Cd > 0 such that for all x G M, 
for all r > 0 we have 

V{x,2r) < CDV{x,r). 

• The Poincare inequality: there exists Cp > 0 ,k > 1 such that for any ball 
B = B(x,r), X G M, r >0 and for all f G C°°(M), we have 


(1.7) 


[ \f - fsf dp < Cpr"^ [ Igrad /|^ dp, 

JB J kB 


where kB = B{x, nr) and fp = jP(H) Ib dp- 


Example 1.2. We present examples of complete, non-compact, weighted Rie- 
mannian manifolds satisfying parabolic Harnack inequality and Gaussian bounds 
on the heat kernel. We refer the reader to [73, Section 3.3] for a more extensive 
list of examples. 

• Complete Riemannian manifolds with non-negative Ricci curvature. The 
parabolic Harnack inequality was first obtained in this case by Li and 
Yau using a gradient estimate [58]. The volume doubling property follows 
from Bishop-Gromov inequality [15, Theorem HI.4.5.] and the Poincare 
inequality follows from the work of P. Buser [14] (See [72, Theorem 5.6.5] 
for a different proof). 

• Convex domains and complement of convex domains in Euclidean space. 
We refer the reader to the monograph [41] for this and other examples in 
this spirit. 

• Connected Lie groups with polynomial volume growth. By a theorem of 
Y. Guiv’arch, we know that Lie groups with polynomial volume growth 
satisfies volume doubling property. Moreover, Lie groups with polynomial 
volume growth satisfy Poincare inequality [72, Theorem 5.6.1]. Examples 
include nilpotent Lie groups like Euclidean spaces and Heisenberg group. 
See also [78, Theorem VHL2.9]. Moreover volume doubling property and 
Poincare inequality holds for subelliptic ‘sum of squares’ operators sat¬ 
isfying the Hormander condition [78, Chapter V and VHI] under the 
Carnot-Caratheodory metric. See also [72, Section 5.6.1]. 
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• The Euclidean space R", with n>2 and weight (l + |a:|^)“/^, a G (— 00 , 00 ) 
satisfies parabolic Harnack inequality if and only if a > —n. It satisfies 
the elliptic Harnack inequality for all a G R. These examples are from 

[35]. 

• Any complete, weighted Riemannian manifold with bounded geometry 

that is quasi-isometric to a complete, weighted Riemannian manifold sat¬ 
isfying parabolic Harnack inequality. We say a weighted Riemannian 
manifold (M, g, g) with weight a has bounded geometry if (a) There ex¬ 
ists K > {) such that Ric > —Kg (b) There exists Ci > 1 such that 
a{x)/u{y) G for all x,y € M with d(x,y) < 1 (c) There exists 

C 2 > 1 such that < H(x, 1) < C 2 for all x G M. This illustrates 

the stability of parabolic Harnack inequality and two-sided Gaussian es¬ 
timates under quasi-isometry [22, 50]. 

The primary goal of our work is to extend Theorem 1.1 in the context of 
discrete time Markov chains on a large class of spaces that include both weighted 
Riemannian manifolds and graphs. As mentioned before the hardest and most 
useful part of the Theorem 1.1 is (c) implies (a) and (b). The implication (c) 
implies (a) was proved independently by Grigor’yan [32] and Saloff-Goste [69]. 
Both [32] and [69] observed that volume doubling is necessary to obtain (a). In 
[69], Saloff-Goste proved that Poincare inequality is also a necessary condition to 
prove (a) using an argument due to Kusuoka and Stroock [55]. 

The proof of (c) implies (a) in [69] is an adaptation of Moser’s iteration method. 
Moser’s iteration method relies on Poincare inequality and a Sobolev inequality. 
The main contribution of [69] is to obtain a Sobolev inequality using volume dou¬ 
bling and Poincare inequality (See also [72, Chapter 5], [70]). A. Grigor’yan [32] 
carried out a different iteration argument that relied on an equivalent Faber-Krahn 
inequality instead of a Sobolev inequality to prove (c) implies (a). Using the meth¬ 
ods of [69], K.T. Sturm [76] generalized the above equivalence to diffusions on 
strongly local Dirichlet spaces. More recently in [45], Hebsich and Saloff-Goste 
developed an alternate approach to prove Gaussian bounds and parabolic Harnack 
inequality using (a). This approach relies on an elliptic Holder regularity estimate 
and Gaussian upper bounds to prove parabolic Harnack inequality. We will use the 
approach outlined in [45] in our work. 

Aronson [3] was the first to use parabolic Harnack inequality to obtain Gaussian 
bounds on the heat kernel in the context of divergence form uniformly elliptic 
operators in R" as given in (1.4). Although in Aronson’s work, the parabolic 
Harnack inequality was used only to obtain Gaussian lower bounds, both Gaussian 
upper and lower bounds can be easily obtained using parabolic Harnack inequality. 
Conversely Nash’s approach aimed at deriving Harnack inequality from two-sided 
Gaussian bounds on the heat kernel was further developed by Krylov and Safonov 
[54] and by Fabes and Stroock [31]. 


1.2. Random walks on graphs 

T. Delmotte extended Theorem 1.1 for discrete time Markov chains on graphs, 
which we now describe. To precisely describe the result, we will introduce some 
notions concerning symmetric Markov chains. Let (M, d, g.) be a metric measure 
space by which we mean a metric space (M, d) equipped with a Borel measure 
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/I. Recall that we denote closed ball by B{x,r) and their measure by V(x,r) = 
fi{B{x,r)). We require V{x,r) G (0, oo) for all x £ M and for all r G (0,oo). 

Let be a Markov chain with state space M and let P be the corre¬ 

sponding Markov operator. Further, we assume that P has a kernel pi : M x M —>■ R 
with respect to the measure fi, that is for each x G M, we have pi(a;, •) G L^{M, /i) 
satisfying 

(1-8) Pf{x)=Ea;f{Xi)=f pi{x,y)f{y) fj.{dy) 

Jm 

for all / G L°°{M). Here denotes that the Markov chain starts at Xq = 
X. The equation (1.8) represents the basic relation between the Markov chain 
(-^n)nGN, Corresponding Markov operator P and its kernel pi with respect to p. 
We will assume that our Markov chain is stochastically complete that is PI = 1 or 
equivalently j^pi{x,y)p{dy) = 1 for all x G M. 

We further assume that the kernel pi satisfies pi{x,-) G L°° {M, p) for all a: G M 
and that pi is symmetric 

(1-9) pi{x,y) =pi{y,x) 

for p X /x-almost every {x,y) G M x M. Under the symmetry assumption (1.9) and 
the assumption pi{x,-) G L°°{M,p) for all x G M, we define the iterated Markov 
kernel as for the Markov chain as 

Pk+iix,y):= pkix,z)pi{y,z) p{dz) 

Jm 

for all x,y € M and for all fc G N*. It is easy to check that pk{x,y)p{dy) is 
the distribution of Xk given that the random walk starts at Xq = x (See Lemma 
4.2). The function {k,x,y) ^ pk{x,y) is called the ‘heat kernel’ for the symmetric 
Markov chain (X„)„gN driven by P on {M,d,p). 

Next, we introduce the Laplacian and heat equation for discrete time Markov 
chains. The Laplace operator Ap corresponding to the random walk driven by P 
is 

Ap = I-P. 

The corresponding discrete time heat equation is 

( 1 . 10 ) dkU + ApUk = 0 

for all A: G N, where dku{-) = u{k -I- 1, •) — u(fc, •) denotes the difference operator 
and itfe(-) = u{kp). Note that (1-10) can be rewritten as Uk+i = Puk- Therefore 
the ‘solution’ to the heat equation (1.10) can be written as 

u{k,x) = P’^uoix) = / pkix,y)uo{y) p{dy) = ExUo{Xk) 

Jm 

for all a; G M and for all k £ N* where uq is the initial value. Note that the above 
equation is analogous to its continuous time counterpart (1.2). 

To describe the work of T. Delmotte, we consider a given graph as a metric 
measure space (M, d, p) where M is the vertex set of the graph, d is the graph 
distance metric and p is a measure on the set of vertices such that each vertex has 
positive measure. In this context pi{x,y) = pi{y,x) for all x,y £ M is sometimes 
called the conductance. We denote integer intervals by [a, 6] = {/c G Z : a < k <b} 
for any a, 5 G Z. The following theorem of T. Delmotte is the analogue of Theorem 
1.1 for Markov chains on graphs. 


1. INTRODUCTION 


Theorem 1.3. (^27]^ Let (M, d, fi) be an infinite graph equipped with a measure 
pL on the set of vertices M. Consider a Markov chain on M with a symmetric kernel 
Pk with respect to /i. Further we assume that there exists a > 0 sueh that ^ 


( 1 . 11 ) 


1b(£c.i)(2/) 
“ Vix,l) 


< Pi{x,y) < a ^ 


Vix,l) 


for all x,y £ M. Then the following properties are equivalent: 

(a) The parabolic Harnack inequality: there exists ij S {0,1), Ch > 1,Rh > 0 such 
that for all balls B{x,r), x G M, r > Rh and for all non-negative functions 
u : N X M — >■ R that satisfies dku + lS.Uk = 0 in |0, x B{x, r), we have 


where 


sup u < Ch inf u 
Qe 


Qe = hVj] X B{x,{'q/2)r), 

Q® = X B{x, {r]/2)r) 


(b) Two sided Gaussian bounds on the heat kernel: there exists Ci,C 2 > 0 such 
that for all x,y G M and for all n G N* satisfying n > 2, we have 


( 1 . 12 ) 


Pn{x,y) < 


Cl 


V{x,y/n) 


exp 


d{x,yf 

C2n 


Further there exists Ci,C 2 ,C 3 > 0 sueh that for all x,y G M satisfying d{x,y) < 
c^n and for all n G N* satisfying n >2 


(1.13) 


Pn{x,y) > 


Cl 

T77- 

V{x,^/n) 


dix,y)^ \ 

C2n ) 


(c) The conjunction of 

• The volume doubling property: there exists Cd > 0 such that for all x G M, 
for all r > 0 we have 


V{x,2r) < CDV{x,r) 


• The Poincare inequality: there exists Cp > 0 ,k > 1 such that for any ball 
B = B{x,r) that satisfies x G M, r > 1 and for all f G L^{M,p), we have 

^ 1/ - fsf dn < Cpr^ J^ Jb( 1) ~ Tidy), 

where kB = B{x, nr), fp = /g / dp.. 


Delmotte’s strategy to prove Theorem 1.3 is to use Moser’s iteration method 
as developed in [69, 70] to prove a continuous time parabolic Harnack inequal¬ 
ity. The next step is to prove estimates on the corresponding continuous time 
kernel obtained using parabolic Harnack inequality. Then a comparison between 
discrete and continuous time kernels provides Gaussian bounds on pk which in turn 
yields parabolic Harnack inequality for the discrete time heat equation (1.10). The 
comparison argument is tricky because the continuous time heat kernel has non- 
Gaussian behavior as discovered by Pang [65] and E.B. Davies [23]. The discrete 


^ The upper bound in (1.11) was not explicitly stated in [27]. However the upper bound 
must hold due to the volume doubling property. Moreover the statement of Poincare inequality 
and parabolic Harnack inequality is slightly different but equivalent to the ones presented in [27]. 
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nature of space and time causes numerous other difficulties during Moser iteration 
that were overcome successfully by Delmotte. 


1.3. Main results 


Next, we state a version of our main result in a restricted setting. Recall that a 
weighted Riemannian manifold {M, g, fx) is a Riemannian manifold (M, g) equipped 
with a measure g such that g{dy) = a{y)h'{dy), where v is the Riemannian measure 
and a G C°°{M) is the weight function. 


Theorem 1.4. Let {M,g,y) he a complete non-compact, weighted Riemannian 
manifold such that there exists K > 0 such that Ric > —Kg. Furthermore there 
exists Cl > 1 such that the weight function a satisfies < a{x)/a{y) < Ci for all 
x,y G M with d{x, y) < 1. Consider a Markov chain on M with a symmetric kernel 
Pk with respect to /i. Further we assume that there exists Cq > l,h > 0,h' > h 
such that 


(1.14) 


Cn 


'^B{x,h) iy) 

V{x,h) 


< pi{x,y) < Co 


'^B{x,h'){y) 
V{x, h') 


for all x G M and for y-almost every y G M. Then the following properties are 
equivalent: 

(a) The parabolic Harnack inequality: there exists rj G (0,1),Ch > ^,Rh > 0 such 
that for all balls B(x,r), x G M, r > R^ and for all non-negative functions 
u : N X M —>■ R that satisfies dkU + Auk = 0 in JO, [4?7^r^J| x B{x, r), we have 


where 


sup u < Ch inf u 

Qe ‘3® 


Qe = ir(^V2)r2l, hVjl X R(x,(r;/2)r), 

Q© = x B{x, ir]/2)r) 

(b) Two sided Gaussian bounds on the heat kernel: there exists Ci,C 2 > 0 such 
that for all x,y G M and for all n G N* satisfying n> 2, we have 


(1.15) 


Pn{x,y) < 


Cl 


■ exp - 


d{x,yf 

Can 


(1.16) 


V(x, yn) 

Further there exists ci,C 2 ,C 3 > 0 such that for all x,y G M satisfying d{x,y) < 
c^n and for all n G N* satisfying n >2 

d{x,yf' 


Pn{x,y) > 


Cl 


• exp 


C2n 


V(x, ^/n) 

(c) The conjunction of 

• The volume doubling property: there exists Cd > 0 such that for all x G M , 
for all r > 0 we have 

V{x,2r) < CDV{x,r) 

• The Poincare inequality: there exists Cp > 0 ,k > 1 such that for any ball 

B = B{x, r), X G M, r > 1 and for all f G qi), we have 


(1.17) ( \f-fB?dg<Cpr^ ( ( 

J B JuB \ 


1 


1) UBiy,!) 


\f{z) - fiy)\ hidz) p{dy), 
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where kB = B{x, nr), fs = /g / d^J.. 

The Poincare inequalities presented in Theorem 1.1 and Theorem 1.4 are re¬ 
lated. We will show that the Poincare inequality (1.7) implies (1-17) (See Proposi¬ 
tion 3.20). A partial converse of the previous statement hold as well. 

Example 1.5. Consider a complete, non-compact Riemannian manifold (M, g) 
with non-negative Ricci curvature whose unit balls have a uniform positive volume 
lower bound. Define a Markov kernel p{x, y) = ^ for all x,y £ M. Although 

p is a Markov kernel with respect to the Riemannian measure p, p(x, y) ^ p{y, x) 
in general. However qi{x, y) = is a symmetric Markov kernel with respect to 

pidx) = V{x, l)r'{dx) where V denotes the volume with respect to v. By the remark 
preceding this example, {M,g,p) satisfy the Poincare inequalities (1.17) and (1.7). 
Moreover {M, g, p) satisfies volume doubling property. Hence the iterated kernel qn 
satisfies two-sided Gaussian bounds and the corresponding Laplacian satisfies the 
parabolic Harnack inequality. Similarly many other examples known in the diffusion 
case can be extended to the discrete-Markov chain case due to Proposition 3.20. 

The role of Theorem 1.4 is only to illustrate our main result without introducing 
additional definitions. We provide an unified approach to study random walks on 
both discrete and continuous spaces. We prove Theorem 1.4 as a corollary of a 
general result that also gives an alternate proof of Theorem 1.3. 

Given the previous works on characterization of parabolic Harnack inequality 
and Gaussian bounds [32, 69, 76, 27, 45] our results should not be surprising. 
However we encounter new difficulties that had to be resolved here and which 
were not present in previous works. Recall that Moser’s iteration method for Har¬ 
nack inequalities relies on repeated application of a Sobolev inequality [69, 76, 27]. 
Grigor’yan’s iteration method in [32] uses an equivalent Faber-Krahn inequality 
that is equivalent to the Sobolev inequality [4]. 

The Sobolev inequalities in the previous settings are of the form 

(1.18) {£if, /)+>■-" ii/iii) 

for all ‘nice’ functions / supported in B{x,r). However for discrete time Markov 
chains, the Dirichlet form satisfies the inequality £{f,f) = ((/ — P)f,f) < 2 U/]]^- 
This along with (1.18) implies that L^{B{x,r)) C (B{x,r)) for all balls 

B{x,r) which can happen only if the space is discrete. Hence for discrete time 
Markov chains on Riemannian manifolds the Sobolev inequality (1.18) cannot pos¬ 
sibly be true. We prove and rely on a weaker form of the Sobolev inequality (1.18) 
which seems to be too weak to run Moser’s iteration directly to prove parabolic 
Harnack inequality (See Theorem 5.1). Instead we use Moser’s iteration to prove a 
version of the mean value inequality which in turn gives Gaussian upper bounds. 
We adapt a method of [45] which uses elliptic Harnack inequality and Gaussian 
upper bounds to prove Gaussian lower bounds (See Ghapter 8). Another difficulty 
that is new to our setting is explained in the beginning of Section 7.3. 

In the context of diffusions on complete Riemannian manifolds the Sobolev in¬ 
equality (1.18) is equivalent to the conjunction of volume doubling property and 
Gaussian upper bounds on the heat kernel [72, Theorem 5.5.6]. In the previous 
statement, we may replace Sobolev inequalities with a similar but equivalent set of 
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functional inequalities called Faber-Krahn inequalities both in the context of diffu¬ 
sions on Riemannian manifolds [33] and for random walks on graphs [19, Theorem 
1.1]. We extend the above equivalences for random walks on a large class of metric 
measure spaces (Theorem 7.18). 

1.4. Guide for the monograph 

This monograph is organized as follows. In Chapter 2, we present the setting of 
quasi-geodesic spaces satisfying certain doubling hypotheses, study its basic prop¬ 
erties and develop techniques that would let us compare discrete and continuous 
spaces. 

In Chapter 3, we introduce Poincare inequalities and discuss various examples 
and non-examples of spaces satisfying Poincare inequality. We study how these 
new Poincare inequalities on metric measure spaces compare with the previously 
studied Poincare inequalities on graphs and Riemannian manifolds. Then we show 
that Poincare inequality is stable under quasi-isometric transformation of quasi¬ 
geodesic spaces. 

In Chapter 4, we introduce various hypotheses on the Markov chain. Dirich- 
let forms and study their basic properties. In Chapter 5, we introduce and prove 
a Sobolev inequality under the assumptions of large scale volume doubling and 
Poincare inequality. In Chapter 6, we use Sobolev inequality and Poincare inequal¬ 
ity to run the Moser iteration argument to prove elliptic Harnack inequality. 

Chapter 7 is devoted to the proof of Gaussian upper bounds using Sobolev 
inequality. In addition, we show that Sobolev inequality is equivalent to the con¬ 
junction of Gaussian upper bounds on the heat kernel and large scale volume dou¬ 
bling property. In Chapter 8 we prove Gaussian lower bounds using elliptic Har¬ 
nack inequality and Gaussian upper bounds. This completes the proof that large 
scale volume doubling property and Poincare inequality implies two sided Gaussian 
bound on the heat kernel. 

In Chapter 9, we prove parabolic Harnack inequality using Gaussian bounds. 
Moreover, we prove large scale volume doubling property and Poincare inequality 
using parabolic Harnack inequality, and thereby completing the proof of the char¬ 
acterization parabolic Harnack inequality and Gaussian bounds. In Ghapter 10, we 
mention various applications of Gaussian estimates and Harnack inequalities. In 
Appendix B, we collect various examples and supplement them with figures and 
discussions. 



CHAPTER 2 


Metric Geometry 


Let (M, d, fi) be a locally compact metric measure space where fi is a, Radon 
measure with full support. Let B{M) denote the Borel cr-algebra on {M,d). Let 
B{x,r) := {y G M : d{x,y) < r} denote the closed ball in M for metric d with 
center x and radius r > 0 . Let V {x, r) := fi{B{x, r j) denote the volume of the closed 
ball centered at x of radius r. Since M is a Radon measure with full support, we 
have that V {x, r) is finite and positive for a\\ x G M and for all r > 0 . In this 
section, we introduce some assumptions on the metric d and measure y and study 
some consequences of those assumptions. 

2.1. Quasi-geodesic spaces 

The main assumption on the metric d of the metric measure space (M, d, y) 
is that of quasi-geodesicity. In Riemannian geometry, the distance between two 
points of a manifold is defined as the infimum of lengths of curves joining them. 
Such a relation between distance and length of curves is observed more generally 
in length spaces. 

Definition 2.1. Let {M,d) be a metric space. For x,y G M, a path from x to 
y is a continuous map 7 : [ 0 ,1] —>■ M such that 7(0) = x and 7(1) = y. We define 
the length L{'y) G [ 0 ,oo] of a path 7 is the supremum 

L(7) = sup Vd(7(t,_i),7(t,)). 

P[0.1] , 

taken over all partition 0 = to < H < ■ • ■ < tfe = 1 of [0,1]. 

The length of a path is a non-negative real number or -foo. 

Definition 2.2. The inner metric or length metric associated with metric 
space (M, d) is the function : M x M —>■ [0, 00 ] defined by 

dz{x,y) = inf L{j) 

7 

where the infimum is taken over all paths 7 from x to y. {M, d) is called a length 
space if di = d. A metric for which d = d^ is called an intrinsic metric. 

Remark 2.3. All Riemannian manifolds equipped with Riemannian distance 
are length spaces. Since infimum of an empty set is -foo, for points x, y in different 
connected components of a metric space {M,d), we have di{x,y) = -l-oo. Hence 
graphs with natural combinatorial metric are not length spaces because distinct 
vertices belong to different connected components under the metric topology. See 
[40, Chapter 1] or [13, Chapter 2] for a comprehensive introduction of length spaces. 
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One of the goals of this work is to provide an unified approach to the study of 
random walks in continuous spaces like Riemannian manifolds and discrete spaces 
like graphs. In view of Remark 2.3, we would like to consider spaces more gen¬ 
eral than length spaces to include disconnected metric spaces like graphs. Quasi¬ 
geodesic spaces provides a natural setting to include both length spaces and graphs 
as special cases. Quasi-geodesic spaces are equipped with a weak notion of geodesics 
called chains. We recall the following definition of chain and various notions of 
geodesicity as presented by Tessera in [77]. 

Definition 2.4. Consider a metric space {M,d) and b > 0 . For x,y G M, a 
b-chain between from x to y , is a sequence : x = xo,X 2 , ■ ■ ■ ,Xm = y in M such 
that for every 0 < i < m, d{xi,Xi+i) < b. We define the length /(y) of a 6 -chain 
-y : xo,xi,... ,Xm hy setting 

m— 1 

Kl) = X! d{xi,Xi+i). 

Define a new distance function db ■ M x M ^ [0, oo] as 
(2.1) db{x,y) =inil{y) 

7 

where 7 runs over every 6 -chain from x to y. We say a metric space {M, d) is 

• 6 -geodesic if d{x, y) = db{x, y) for all x, y G M. 

• quasi- 6 -geodesic if there exists C > 0 such that db{x,y) < Cd{x,y) for all 
X, y G M. 

• quasi-geodesic if there exists 6 > 0 such that (M, d) is quasi- 6 -geodesic. 


Remark 2.5. We collect some simple consequences of the definitions. 

• Any 6 -geodesic space is quasi- 6 -geodesic. Moreover 6 -quasi-geodesic space 
is 61 -quasi-geodesic for all 61 > 6 . 

• Any length space is 6 -geodesic for all 6 > 0. 

• Graphs with natural combinatorial metric are 6 -geodesic if and only if 
6 > 1. If 6 < 1, then db{x, y) = -l-oo for distinct vertices x and y. 

The following lemma guarantees that quasi-geodesic spaces are endowed with 
sufficiently short chains at many length scales. 


Lemma 2.6 (Chain lemma). Let {M,d) be a quasi-b-geodesic space for some 
6 > 0. Then there exists Ci > 1 such that for all 61 > 6 and for all x, y G M, there 


exists a 61 -chain x = xq, xi,..., Xm = y with m < 


Cid(x,y) 

bi 


Proof. Since {M,d) is quasi- 6 -geodesic, there exists C > 0 such that for all 
x,y G M, there exists a 6 -chain x = yo,yi, ..., yn = y satisfying <^( 2 / 02 /i+i) < 

Cd{x,y). We define a smaller 61 -chain Xo,Xi,... ,Xm where Xk = yi^- We choose 
to = 0 and define ik successively by 


ik = max{l < j < n : d{yi^_^,yj) < 61 } 
for fc > I. Define m = min{j : y^^. = y}. By the definition of ik we have that 
d(Xi,Xi+i) d{xi+i,Xi+2) > d{xi,x^+2) > 61 
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for alH = 0,1,..., m — 2. Therefore we have 

m— 1 ^ 

^ d{x„Xt+i) > -^(™- !)■ 

By triangle inequality, we have ^ YhZo d{yi,yi+i) < Cd{x,y). 

Therefore 



Hence the choice Ci = 2C + 1 satisfies the desired conclusion. □ 

2.2. Doubling hypothesis 

The main assumption that we recall below on the Radon measure y, is the 
doubling property. For a metric measure space (M, d, y ), we denote volume of balls 
by V{x,r) = y{B{x,r)). 

Definition 2.7. We define the following doubling hypothesis: 

{VD)ioc We say a space {M,d,y) satisfies the local volume doubling property 
(FI?)ioc, if for all r > 0 , there exists Cr such that 

(RD)ioc V{x,2r)<CrV{x,r) 

for all X G M. 

{VD)ao We say a space (M, d, y) satisfies the large scale doubling property {VD)ao, 
if there exists positive reals Crg , ro such that 

{VD)^ V{x,2r) < CroV{x,r) 

for all a; G M and r > tq. 

(VD) We say a space {M,d,y) satisfies the global volume doubling property 
{VD), if there exists a constant Co > 0 such that 

(VD) V{x,2r) <CDV{x,r) 

for all X G M and r > 0 . 

Remark 2.8. The property {VD) implies {VD)oo and {VD)\oc- The property 
{VD)\oc is a condition local in r but uniform in x G M while {VD)oo and {VD) 
are uniform in both x and r. The property (VD)\oc is a very weak property of 
bounded geometry introduced in [22]. Since Cr depends on r, the local volume 
doubling property does impose too much constraint on volume growth as r —>■ oo. 
However, we will see in Lemma 2.11 that large scale doubling can be used to control 
volume of large balls. 

Example 2.9. We describe some examples satisfying the above hypothesis on 
volume growth. Every connected graph with bounded degree and equipped with the 
counting measure satisfies {VD)\oc. By Bishop-Gromov inequality [15, Theorem 
111.4.5.], Riemannian manifolds with Ricci curvature bounded from below satisfy 
{VD)\og and Riemannian manifolds with non-negative Ricci curvature satisfy (VD). 

We collect some basic properties of spaces satisfying the above doubling hy¬ 
pothesis {VD)ioc and {VD)oo. 
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Lemma 2.10. ([22, Lemma 2.1]^ If {M,d,ii) satisfies {VD)ioc, then for all 
ti,T 2 > 0, there exists Crj,r 2 such that 

( 2 . 2 ) V{x,r2) < Cr^,r2V{x,ri) 

for all X € M. In particular, for all x,y € M, such that d{x,y) < R, we have 

V{x,r) < Cr,R+rV{y,r) 

Proof. Let k be the smallest integer such that 2^ri > r 2 . By repeated appli¬ 
cation of {VD)ioc, the choice 

fe-i 

Cri,r2 = C'2Vi 
i=0 

satisfies, (2.2) where the constant C' 2 iri is from {VD)ioc- The second part follows 
from B{x, r) C B{y, R + r) and (2.2). □ 


The large scale doubling property {VD)ao along with {VD)\oc implies a poly¬ 
nomial volume growth upper bound. 

Lemma 2.11. Let {M,d,p) he a metric measure space satisfying (PZl)ioc o,nd 
{VD)oo- Then for all & > 0, there exists Cb > 0 such that 

(2.3) V{x,2r) <CbV{x,r) 

for all x & M and r > b. Moreover this Cb satisfies 

V{x,r) 


(2.4) 


V{x,s) 


< 




for all X S M, for all b < s < r and for all S > log 2 Cb- Furthermore 


(2.5) 


V{x,r) 2 
V{y.s) - ' 




holds for all b < s < r, for all x G M, for all y G B{x, r) and for all S > log 2 Cb ■ 


Proof. Let ro,CrQ be constants from {VD)ao- There is nothing to prove if 
To < b. Assume vq > b and let r be such that b < r < ro- Then by Lemma 2.10 
and {VD)oo 

V{x,2r) < V{x,2ro) < CroV{x,ro) < CroCb^roVix,b) < CroCb^roVix,r). 


The case r > vq follows from {VD)ao which concludes the proof of (2.3). 

Let b < s < r , k = log 2 (r/s) and 6 > log 2 Cd- Then from (2.3), we get (2.4), 


V(x,r) y(x,2Ws) 
y(T, s) “ v(x,s) 



To obtain (2.5) from (2.4), note that 


Vix,r) V{y,2r) V{y,r) ^ /r 
V{y,s) ~ V{y,s) ~ ^V{y,s) ~ ^ Vs 


□ 
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The equation (2.4) implies a polynomial upper bound on the volume growth. In 
quasi-geodesic spaces, we can reverse the inequality (2.4) and obtain a polynomial 
lower bound for all radii small enough compared to the diameter. The property 
stated in following lemma is often called the reverse volume doubling property. 
It was known for graphs and Riemannian manifolds and our proof follows similar 
ideas. 


Lemma 2.12. Let be a quasi-b-geodesic space with the measure fi sat¬ 

isfying {VD)\oc and {VD)oo- Then there exists c ,7 > 0 such that 


( 2 . 6 ) 


V{x,r) ^ /r\7 

V(x, s) ~ ‘'\sJ 


for all X € M and for all b < s < r < diam(M), where diam(M) = svip{d{x,y) : 
x,y € M} denotes the diameter of {M,d, fj,). 


Proof. We first consider the case b < s < r < Let x G M and let 

z G M he chosen such that d{x,z) > (3/7) diam(M). Let x = xq, xi, ..., Xm = z 
be a s-chain with minimal number of points m. Therefore there exists 3 < k < m 
such that 2s < d{xk,x) < 3s. 

Since d{xk,s) > 2s, we have B{xk,s) fl B{x,s) = 0. By Lemma 2.11, there exists 
e > 0 such that 

V{x,3s) < V{xk,hs) < e~^V{xk,s) 

Therefore we obtain 


(2.7) 14(x,4s) > V{x,s) -h V{xk,s) > (1 + e)P(x,s) 


for all X G M and b < s < diam(M)/5. Define k = \og^{r/s) and 7 = log 4 (l + e). 
Then by (2.7) 


V{x,r) s) 

y(x, s) “ y(x, s) 


> (l + e)'=-i 



7 


for all X G M and b < s < r < diam(M)/5. 

The other cases follow from Lemma 2.10 and by choosing 


^ — min((l 4“ e) 5 t7diain(M)/5,diam(M)- 


□ 


2.3. Quasi-isometry 

One of the goals of this work is to develop arguments which are robust to small 
perturbations in the geometry of the underlying space; for example addition of few 
edges in a graph or small changes in the metric of a Riemannian manifold. We 
study properties that depends mainly on the large scale geometry of the underlying 
space. In this spirit, the concept of quasi-isometry was introduced by Kanai in [50] 
and in the more restricted setting of groups by Gromov in [39]. Informally, two 
metric spaces are quasi-isometric if they have the same large scale geometry. Here 
is a precise definition: 

Definition 2.13. A map : (Mi,di) —>■ (M 2 ,d 2 ), between metric spaces is 
called a quasi-isometry if the following conditions are satisfied: 
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(i) There exists a > 1 and 6 > 0 such that 

a~^di{xi,X2) — b < d2{(j){xi),(j){x2)) < adi{xi,X2) + b 
for all xi,X 2 & Ml. 

(ii) There exists e > 0, such that for all y G M 2 there exists x G Mi such that 
d2[(l>{x),y) < e. 

We say metric spaces {Mi,di) and {M 2 ,d 2 ) are quasi-isometric if there exists a 
quasi-isometry (j) : {Mi,di) —>■ {M 2 ,d 2 ). 

Remark 2.14. Quasi-isometry is an equivalence relation among metric spaces. 
Quasi-isometry is also called as rough-isometry or coarse quasi-isometry. Property 
(i) of Definition 2.13 above is called roughly bi-Lipschitz and (ii) is called roughly 
surjective. 

We remark that a quasi-isometry is not necessarily a continuous map. More¬ 
over, quasi-isometry is not necessarily injective and not necessarily surjective. How¬ 
ever, we can construct a quasi-inverse 4>~ : {M 2 , £^ 2 ) —>■ {Mi, di) as (j)~ {y) = x where 
X G Ml is chosen so that d 2 {(j){x),y) < e where e is given by the above definition. 

We now describe some well-known examples of quasi-isometry. The space 
with Euclidean metric and with standard graph metric (same as M metric) 
are quasi-isometric. Consider a finitely generated group T with a finite system of 
generator A. For an element 7 7 ^ 1, let denote the smallest positive integer 
k such that a product of k elements of H U A~^, and put |1|^ = 0. This |j^ is 
called the word norm of T and defines a word metric ^^( 71 , 72 ) = | 7 r^ 72 |yi- In 
other words, is the graph metric in the Cayley graph of T corresponding to the 
symmetric generating set A U A~^. Assume two finite generating sets A and B of 
a group r which induces metric dA and ds respectively. Then (T, d^i) and (Tjds) 
are quasi-isometric (See [67, Proposition 1.15]). Therefore every finitely generated 
group defines a unique word metric space up to quasi-isometry and we may often 
view a finitely generated group up as a metric space without explicitly specifying 
the generating set. A large class of examples of quasi-isometry is given by the 
Svarc-Milnor theorem. We refer the reader to [67, Theorem 1.18] for a proof and 
original references. 

Theorem 2.15. (Svarc-Milnor theorem) Suppose that {M,d) is a length space 
and T is a finitely generated group equipped with a word metric acting properly and 
cocompactly by isometries on M. Then P is quasi-isometric to {AI,d). The map 
7 I—>■ 7 . 3:0 is a quasi-isometry for each fixed base point xq G M. 

Note that the quasi-isometry between Z"^ and is a special case of Theorem 
2.15. We will give a general construction of net which approximates a quasi-geodesic 
space using a graph with combinatorial metric in next subsection. 

The notion of quasi-isometry was extended to metric measure spaces by Couhlon 
and Saloff-Coste in [22] which they called “isometry at infinity”. Let {Mi,di, pi), 
i = 1, 2 be two metric measure spaces. Define 

yi{y,r) = Ti {{z G Mi : di{y,z) < r}) . 

Definition 2.16. A map : {Mi,di, pi) —>■ {M 2 , d 2 , P 2 ), between metric mea¬ 
sure spaces is called a quasi-isometry if the following conditions are satisfied: 

(i) (f : {Mi,di) {M 2 ,d 2 ) is a quasi-isometry between metric spaces; 
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(ii) There exists a constant C > 0 such that 

C-^Vi{x, 1 ) < 1 ) < CVi[x, 1 ) 

for all X G Ml. 

We say metric measure spaces (Mi,di,/xi) and (M 2 , (i 2 ,/i- 2 ) are quasi-isometric if 
there exists a quasi-isometry (p : (Mi,di,/ii) —>■ (M 2 ,ci 2 ,M 2 )- 

Remark 2.17. Quasi-isometry is an equivalence relation for metric measure 
spaces satisfying local volume doubling property (R7?)ioc- The notion of large scale 
equivalence as defined in Definition 5.5 of [77] is more general. That is every quasi¬ 
isometry is a large scale equivalence. However a map between quasi-geodesic metric 
measure spaces satisfying {VD)ioc is a quasi-isometry if and only if it is large scale 
equivalence. See [77, Remark 5.7]. 

The arguments in this work implies that the long term behavior of natural 
random walks depends mainly on the large scale geometry of the quasi-geodesic 
space. Other important examples of properties invariant under quasi-isometries are 
large scale doubling and Poincare inequality. (See Proposition 2.20 and Proposition 
3.16). We conclude this subsection by proving that the large scale doubling property 
is preserved by quasi-isometries for metric measure spaces satisfying (RD)ioc. It is 
due to Couhlon and Saloff-Coste in [22]. We need the following definition: 

Definition 2.18. Let (M, d) be a metric space with X C M and let i? > 0. 
Then a subset Y of X is R-separated if d(j/i,j/ 2 ) > R whenever yi and 1/2 are 
distinct points of T, and a i?-separated subset Y of X is called maximal if it is 
maximal among all i?-separated subsets of X with respect to the partial order of 
inclusion. 

The existence of maximal i?-separated subsets follows from Zorn’s lemma. 

The following lemma compares volume of balls between quasi-isometric metric 
measure spaces. 

Lemma 2.19. (|22, Proposition 2.2]) Let $ : (Mi,di,/ri) and (M 2 ,(i 2 ,d 2 ) be 
a quasi-isometry between metric measure spaces satisfying {VD)ioc- Then for all 
h > 0, there exists Ch > 0 such that 

C))Wi{x,C))^r) < V2mx),r) < ChVi{x,Chr) 

for all X G Mi and for all r > h. 

Prooe. We denote balls and volumes by Bi and Vi respectively for i = 1,2. 
Let R> h such that aR — b = R' > 0 where a, b is from Definition 2.13. Let Y be 
a maximal i?-separated subset of B{x,r). Thus B{x,r) C \Jy^YB{y, R). Hence 

(2.8) Hi(T,r) < ^Hi(j/,R) 

veY 

By Lemma 2.10 and Definition 2.16, we have 

(2.9) Vi{y,R) < C^RViiy,!) < Ci,flCH 2 ($(y), 1). 

for all y GY. The balls {B{y, R/2)}y^Y are pairwise disjoint and hence the balls 
B{^{xi), R'/2) are pairwise disjoint. By Lemma 2.10 

( 2 . 10 ) V2mx,),h) < Ch,R'V2iHx,),R'/2) 
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Combining 2.8,2.9 and 2.10 

Viix,r) < Y, Ci,RCCi,R,V2my),R'/2) 
v^y 

( 2 . 11 ) < C^,RCC^,R,V2{^[x),ar + h ^ E! 12) 

The last step follows from the definition of quasi-isometry, triangle inequality and 
that B{^{xi), R'/2) are pairwise disjoint. We can choose C 2 large enough so that, 
ar -I- 6 -I- i?'/2 < C 2 r for all r G [h, 00 ). Hence by Lemma 2.11, we have the desired 
lower bound on V 2 for all r > i? and by Lemma 2.10 for all r > h. Similar argument 
applied to quasi-inverse yields 

V 2 ($(a;), r) < o <^(x),Cr). 

The conclusion follows from the fact that o $(a;),ai) is bounded uniformly 

for all xS Ml. □ 


For metric measure spaces satisfying (yil)ioc, the condition [VD)ao is preserved 
by quasi-isometries. This is the content of the following lemma. 

Proposition 2.20. f|22. Proposition 2.3]) Let ni) and {M 2 ,d 2 , ^ 2 ) 

be quasi-isometric spaces satisfying (PZl)ioc- Then {Mi,di, yi) satisfies {VD)oo if 
and only if {M 2 ,d 2 , ti 2 ) satisfies {VD)oo- 


Proof. Let $ : M 2 —>■ Mi be a quasi-isometry. Using Lemma 2.19, there 
exists C > 0 such that 

C-^V 2 {x,C-^r) < Ui(d>(x),r) <CV 2 {x,Cr) 


for all X G M 2 and r > 1. Hence by (2.4), we have 


V2(a^,2r) 

V2{x,r) 

for all r > max(C', 1). 


< 


Ui($(x),2Ct) 

Ui($(x),C-ir) 


2\S 


< C^Cd(2C^) 


□ 


2.4. Approximating quasi-geodesic spaces by graphs 

One might think of as a graph approximation or discretization of More 
generally, we can approximate quasi-geodesic spaces by graphs. By [77, Proposition 
6.2], a metric space is quasi-isometric to a graph if and only if it is quasi-geodesic. 
Therefore quasi-geodesic spaces form a natural class of metric spaces that can be 
roughly approximated by graphs. 

We begin by recalling some standard definitions and notation from graph theory. 
We restrict ourselves to simple graphs. A graph C? is a pair G = (V,E) where 
U is a set (finite or infinite) called the vertices of G and U is a subset of V 2 {V) 
(ie.,two-element subsets of V) called the edges of G. A graph {V,E) is countable 
(resp. infinite) if U is a countable (resp. infinite) set. We say that p is a neighbor 
of q (or in short p ^ q), if {x, y} G E. The degree of p is the number of neighbors of 
p, that is deg(p) = \{q G V : p ^ q}\. A graph {V, E) is said to have bounded degree 
if sup^gy deg(z;) < 00 . 

A finite sequence (po,pi, ... ,pi) of points in V is called a path from po to pi 
of length I, if each pk is a neighbor of Pk-i- A graph G = {V,E) is said to be 
connected if for all p^q G V, there exists a path from p to q. For points p,q G V of 
a graph G = (U, E), let dcip, q) denote the minimum of the lengths of paths from 
p to q with dcip, q) = +00 if there exists no path from p to q. This makes (U, do) 
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an extended metric space. The graph {V,E) is connected if and only if (Vjdo) is 
a metric space. The extended metric do is called graph metric or combinatorial 
metric of G. Notice that we can recover a graph (V, E) from its (extended) metric 
space structure (V^dc) and vice-versa. 

Using the above identification, we view a connected graph as a metric space. 
We would like to view a connected graph as a metric measure space. This motivates 
the dehnition of weighted graph. A weight m : U —>■ (0, oo) on a graph (U, E) is a 
positive function on V. With a slight abuse of notation, m induces a measure on 
V (also denoted by m) as 



vGA 


for each A C V. A weighted graph is a graph {V, E) endowed with a weight m. 
By the above, we will identify a weighted graph G = {V,E) with weight m as a 
(possibly extended) metric measure space {V,dG,rn). 

The definition of e-net is due to Kanai in the setting of Riemannian manifolds 
(See [50]) and was extended in [22] for weighted Riemannian manifolds. 

Definition 2.21. A e-net of a metric measure space (M, d,/r) is a weighted 
graph G = {V, E) with weight m described as follows: The vertices U is a maximal 
e-separated subset of M. The edges E are defined by {x,y} G U if and only if 
0 < d{x,y) < 3e. The weight m is defined as m{x) = p,{B{x,e)). Let do denote 
the graph metric of G. We often alternatively view the e-net as (extended) metric 
measure space {V,dG,rn) defined by the corresponding weighted graph. 

The above definition does not guarantee e-net to be a connected graph. However 
it is connected and countable in many situations as described in the lemma below. 
We collect the basic properties of nets in Proposition 2.22 which builds on the ideas 
of [50], [52] and [22]. 

Proposition 2.22. Let {M,d,p) he a quasi-b-geodesic metric measure space 
satisfying {VD)ioc and let e > b. Let G = (X,E) be an e-net of {M,d,p) with 
weight m and let {X,dG,rn) denote the corresponding extended metric measure 
space. Then we have the following: 

(a) The collection of balls I = {B(x,e/2) : x G X} is pairwise disjoint and 
the collection J = {B(x, e) : x € X} covers M where B {.,.) denotes closed 
metric ball in {M,d). 

(b) Bounded degree property: The graph {X, E) is of bounded degree, that is 
suppgx deg(p) < oo. 

(c) {X,dG,rn) satisfies {VD)\oc. 

(d) There exists A > 0 such that 



( 2 . 12 ) 


for all x,y € X. Therefore G is a connected graph and {X,dG,m) is a 
metric measure space. 

(e) The metric measure spaces {M,d,y) and {X,dG,rn) are quasi-isometric. 

(f) X is a countable set. Moreover if diameter(M, d) = oo, then X is an 
infinite set. 

(g) If {M,d,fi) satisfies {VD)ao, then so does {X,dG,m). 
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(h) Finite overlap property: Define 

Np{S) = \{x & X ■. d{x,p) < i5}|. 
for each (5 > 0 and p € M. Then < oo. 

Proof. We denote the volume of balls in (M, d, p) and {X, do, m) by Vm and 
Vg respectively. 

(a) The collection I is pairwise disjoint because X is e-separated. The collection 
J covers M due to the maximality of X. 

(b) Let d{p) denote the degree of a vertex p. Since / is a disjoint collection, using 
Lemma 2.10 

VM(p,4e)> ^ VM{q,el‘fi) 

qGV^q'^p 

-^D2,7e ^M{q,7e)>d{p)VM{p,4:f^)Cfi/lGe- 

q^y,q^p 

This yields d{p) < C^/ 2 , 7 e for all p G X. 

(c) Let x,y G X with x y. By Lemma 2.10, we obtain 

m{y) / Vix,4e) 

-TT S -f77-^ S Ge,4e- 

m{x) V (x, e) 

Hence we have the uniform estimate 


(2.13) 


Cm = 


sup 


^(y) 


x,y^X,xr^y Tfl{x) 
By the above inequality and (b), we have 


< oo. 


(2.14) 


m{x) < Vcix.r) < m{x)Cfj 


sup deg(a:) 

x^X 


for &\\ X G X and r > 0. This along with (b) yields {VDfioc- 

(d) Let x,y G X. By triangle inequality we have d{x,y) < iedcix^y). By Lemma 
2.6, there exists Ci > 1 and an e-chain x = xq, xi,..., Xfe = y in (M, d) such that 
k < |"(C'ic?(x, ?/))/e]. Since J covers M, for each Xi G M we can choose yi G X 
such that d{xi,yi) < e for i = 0,..., fc. Note that xq = yo and Xk = yu- By 
triangle inequality d{yi^yi+i) < 3e or equivalently yi ^ yi+i or yi = yi+i for all 
i = 0,1,..., fc — 1. Therefore 

'd{x,y) 


dG{x,y) = dGiyo.yk) < k < Cf 


1 


This implies (2.12) which implies the remaining conclusions. 

(e) It follows from (d) that the inclusion map $ : (X, dc) —>■ {M,d) is a quasi¬ 
isometry of metric spaces. Substituting m{x) = Vm(x, e) and r = 1 in (2.14) and 
using (b), (2.13) and Lemma 2.10, there exists C > 0 such that 

C-XgIx, 1) < Pm(x, 1) < CVGix, 1). 

This proves that $ is a quasi-isometry between the metric measure spaces {M, d, p) 
and {X, dG,m). 

(f) It follows from (b) and (d) that G is a connected graph with bounded degree. 
Hence X is countable. By (2.12), we have diameter(X, dq) > diameter(M, d)/3e. 
Therefore if diameter(M, d) = oo, we have that G = {X,E) is a connected graph 
with infinite diameter. Hence X is infinite. 






2.4. APPROXIMATING QUASI-GEODESIC SPACES BY GRAPHS 


23 


(g) It follows from (c),(e) and Proposition 2.20. 

(h) The proof is similar to (b). Using (a) and Lemma 2.10, we have 

V{p,6 + e)> V{x,el2) 

x£X:d{x,p) <(5 

— ^e/2,25+e ^ 

x£ X :d{x,p) <S 

> Np{S)C^^\^^g^^V{p, 6 + e). 

This yields the uniform bound Np{S) < C^/ 2 ^ 26 +e- D 

The bounded degree property and the estimate (2.13) are true for all weighted 
graphs {X,d,m) satisfying (UIl)ioc as shown below. 

Lemma 2.23. Let (X,d,m) be a metric measure space satisfying (VD)ioc that 
corresponds to a weighted graph G = {X,E) with weight m. Then G is of bounded 
degree and 

(2.15) sup = Gm <oo 

x,yGX:xr^y 

Proof. By {VD)ioc, there exists C > 0 such that 

m{y) < V{x, 1) < GV{x, 1/2) = Gm{x) 

for all x,y G X with x ^ y. The above inequality shows that Cm < C and 
sup 2 ,gx deg(a;) □ 




CHAPTER 3 


Poincare inequalities 


Poincare inequalities and its many variants are functional inequalities that have 
been extensively studied. Many results in classical theory of Sobolev spaces, Holder 
regularity estimates for solutions of elliptic and parabolic partial differential equa¬ 
tions, properties of harmonic functioirs, Harnack inequalities can be generalized to 
spaces satisfying volume doubling and a Poincare inequality. See the introduction 
in [42] for a survey and references. 

Roughly speaking Poincare inequalities control the variance of a function on 
a smaller ball by its Dirichlet energy (integral of the square of gradient) on a 
larger ball. We start by reviewing Poincare inequalities on weighted Riemannian 
manifolds. Recall that a weighted Riemannian manifold (M, g, fj,) is a Riemannian 
manifold (M, g) equipped with a measure fa having a smooth positive density w 
with respect to the Riemannian measure induced by the metric g. The above 
function w with 0 < w G is called a weight. Recall that the gradient grad/ 

of a function / S C°°{M) is defined as the vector field satisfying g{gTad f,Y) = 
Yf for all vector fields Y. The length of the gradient is denoted by |grad/| = 
g (grad /, grad /). We denote the Riemannian distance function by d, which makes 
{M, d) a length space. In a context when distance function is important, we will 
denote the weighted Riemannian manifold {M,g,fi) as a metric measure space 
{M,d,fi). As before for {M,d,fi), we denote closed ball and their volumes by 
B{x,r) and V{x,r) respectively. 

Definition 3.1. We say that a complete weighted Riemannian manifold (M, g) 
with measure /i satisfies a Poincare inequality {P)Rm if there exists Ci > 0, C 2 > 1 
such that for all / G C°°(M), for all x G M and for all r > 0, 


(P) 


Rm 


[ \f{y) - fsix.rf l^{dy) < Cir^ [ 

J B{x.r) Je 


B{x,C2r) 


^rad f{y)\ fj,{dy) 


where fB{x,r) denote the /i-average of / in B(x, r) 


fB = 


V{x,r) 


' B{x,r) 


f{y)fi{dy). 


The above inequality is sometimes called a weak, local, scale-invariant or 
Poincare inequality but we will refrain from using such adjectives. The word local 
means that we are interested in average and integrals around some point x. This 
is in contrast with global Poincare inequality in which average and integrals are 
over the whole space M. The Poincare inequality is scale-invariant or uniform 
to emphasize the fact the the constants Ci and C 2 is independent of x or r. For 
1 < p < 00 , we might replace {P)Rm with the pP Poincare inequality 


f 


\f{y) - fB{x,rf ^ f |grad/(?/)|^/r(dj/). 

J B{x,C2r) 
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instead of version presented above. For spaces satisfying global doubling prop¬ 
erty, one can always take C 2 = 1 in {P)Rm- This is due to D. Jerison by a Whitney 
decomposition argument [47] (see also [72, Section 5.3.2]). The Poincare inequality 
with C 2 = 1 is called strong Poincare inequality as opposed to the weak inequality 
{P)Rm- 


3.1. Gradient and Poincare inequality at a given scale 

To generalize the Poincare inequality {P)Rm to metric measure spaces, we must 
find a suitable definition for “length of gradient”. We will consider a class of random 
walks that spreads over different distances. Therefore we define length of gradient 
over different scales for a metric measure space. We use the following definition 
due to [77] for length of gradient at a scale h for a function f : M ^ R with 
(denoted by |V/|J. 

Definition 3.2. Let be a metric measure space. For any function 

/ G fj,), the length of gradient at a scale h for / is defined as the function 

/ \ 

(3-1) = ( T// / \ fiy )- Kdy )] 

\V{x,h) J 

for all X G M. 


Remark 3.3. Our definition of |V/|^ coincides with |V/|^ 2 the notation of 
Tessera [77]. 

Now that we are armed with length of gradient, we define the corresponding 
Poincare inequality. 


Definition 3.4. We say that a metric measure space (M, d, /i) satisfies a 
Poincare inequality at scale h, if there exists Ci > 0, (72 > 1, ro > 0 such that 
for all / G L“j.(M, fi), for all a; G M and for all r > tq. 


iP)h [ \f{y) - fBix,rf d(.dy) <Cir'^ [ {Nf\hiy)fyidy) 

J B{x^r) JBix.Cor) 


B{x,C2r) 


where fB(x,r) denote the /i-average of / in R(x, r) 

1 f 


Jb = 


V{x,r) 


' B{x,r) 


f{y)y{dy)- 


We will denote the above inequality by P/t(ro, (7i, (72) or simply {Pu)- 


The rest of the chapter is devoted to the study of various properties and ex¬ 
amples of the above Poincare inequality {P)h- In particular, we will show that for 
a weighted Riemannian manifold the Poincare inequality at scale h {P)h-, general¬ 
izes the Poincare inequality {P)Rm under some mild hypothesis. One of the main 
results that we will see in this chapter is that Poincare inequality {P)h is preserved 
under quasi-isometries. 

The following simple fact will be frequently used in rest of this chapter. Let 
(M, d, fi) be a metric measure space and let A C M with 0 < y{A) < 00 . Then for 
every function / G L°°{A) 

inf / |/(y) - a\^Kdy) = f \f{y) - fAl^Kdy) 

Ja 


(3.2) 
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where Ja is the ^-average of / in A, 



In other words, mean minimizes squared error. 

A Poincare inequality at scale h implies a Poincare inequality at all larger scales 


h' with h' > h. 

Lemma 3.5. Let be a metric measure space satisfying {VD)ioc and 

Poincare inequality {P)h at scale h. Then for all h' > h, {M,d,fj,) satisfies {P)h>- 

Proof. Assume Ph{rQ,Ci,C 2 )- Then for all functions / S and for all 
balls B(x, r) with r > rg and x € M, we have 



<Cy [ \Vhf\^dti 


J B{x,C2r) 



which is Ph'{rg, CiCh,h' ^C^)- In the last line above, we used Lemma 2.10. □ 


Remark 3.6. A question now arises: At what scales h does a Poincare inequal¬ 
ity {P)h tiold ? We have a satisfactory answer for length spaces and graphs. If a 
graph satisfies Poincare inequality at some scale, it satisfies Poincare inequality at 
all scales h>l (See Corollary 3.15). Moreover, a graph does not satisfy Poincare 
inequality for scales smaller than I because the gradient at scales smaller than I is 
identically zero. If a length space satisfies Poincare inequality at some scale, then 
it satisfies Poincare inequality at all positive scales (See Corollary 3.17). We will 
see in Proposition 9.9 that if {P)h is satisfied at for some h > 0 then {P)h is true 
for all h > b. We analyze an example which is neither a graph nor a length space 
(See Example 3.22) to show that h > b is the best possible bound. 

We now show that the constant rg in Ph{rg,Ci,C 2 ) is flexible. 

Lemma 3.7. Assume the Poincare inequality Ph(rg,Ci,C 2 ) holds for a metric 
measure space (M, d, /i). Then for every ri > 0 and there exists constants 
such that the Poincare inequality P/i(ri, CJ, C^) holds. 

Proof. The non-trivial case to check is ri < rg. Assume B{x,r) with ri < 
r < rg. Then for all functions / S by (3.2) we have 



3{x,ro) 

Combining the above inequality with Ph{rg, Ci, C 2 ) yields 



\f fB(x,ro)\ 
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Hence we can choose C[ = C'i(ro/ri)^ and C 2 = C' 2 (ro/ri). 


□ 


3.2. Robustness under quasi-isometry 


Since quasi-isometry between metric measure spaces satisfying (yD)\oc is an 
equivalence relation, we may expect that a quasi-isometry preserves certain invari¬ 
ants of such spaces. For instance, we saw in Proposition 2.20 that quasi-isometry 
preserves the large scale doubling property. In this section, we shall see that quasi¬ 
isometry preserves Poincare inequality {P)h- The approach for proving robustness 
of functional inequalities can traced back to the seminal works of Kanai [50, 51, 52] 
and further developments by Couhlon and Saloff-Coste [22]. 

The idea is to show that a functional inequality on the metric measure space 
is equivalent to a similar functional inequality on its net. Since quasi-isometry is 
an equivalence relation, it suffices to show that the functional inequality on graphs 
is preserved under quasi-isometries. To compare functional inequalities back and 
forth between a metric measure space and its net, we need to be able to transfer 
functions on metric measure space to functions on its net and vice-versa. We start 
by developing those tools. 

As before, let (M, d, be a quasi-&-geodesic metric measure space satisfying 
{VD)ioc and let {X,dG,m) be its e-net for some fixed e > b. By Proposition 2.22, 
we have that dG,rn) is a metric measure space satisfying (V Il)ioc- Moreover the 
graph corresponding to {X,dG,m) is connected, countable with bounded degree. 
Let Dx = sup^jg^j^ deg(x) < 00 be the maximum degree. We will denote closed 
balls in {M,d,p) and {X,dG,lj) by B and Bg respectively. Similarly, we denote 
their corresponding volumes by V and Vg respectively. 

Given a function g S we a define a function g : X —>• R on its net 

as 


(3.3) 




1 

V{x,e) 


/ B{x,e) 


gdg. 


for all X G M. Conversely, given a function / : X —?> K on the net, we define 
/ : M —>■ R as 


(3.4) 

where 9x-M 

(3.5) 


/ = ^ f{x)9x 

xGX 


is defined by 


Ox{p) = 


lBG,e)(p) 




The sum in (3.4) and denominator of (3.5) is a finite sum due to the finite overlap 
property of Proposition 2.22(h). Moreover, there exists a constant cx > 0 such 
that {9x}x^x is a partition of unity (X^xga = 1) satisfying 


(3.6) 


CAlB(x,e) <0x< lB(x,e) 


for all X G X.The above properties of the partition of unity 9x can be verified using 
Proposition 2.22. 

We will now compare norms and gradients for the transfer of functions between 
metric measure space and its net. For a metric measure space (M, d, g) and for all 
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/ G L^^{A) where A C M, we denote by 



We adapt the same notation for its net by considering it as a metric measure space. 


Definition 3.8. For a function f : X R on a graph {X,E), we define the 
discrete gradient of / at x as 


Sf{x) 



This definition of discrete gradient was used to define Poincare inequality for 
graphs in [22]. We now show that our definition of jV/jj^ is comparable to Sf. 

Lemma 3.9. Let {X,dG,rn) be a weighted graph satisfying {VD)ioc- Then there 
exists C > 0 such that 


C-^\VMx)<5f{x)<C\Vf\,{x) 
for all functions / : X —>■ K. and for all x G X. 


Proof. We write the gradient as 


(|V/li(x))" 


1 

m{x) +J2yex-.y.~.xMy) 


yeX-.y^x 


The conclusion immediately follows from Lemma 2.23. 


□ 


Remark 3.10. Therefore our Poincare inequality (P)i generalizes the Poincare 
inequality for graphs considered by Delmotte [25, 27]. Using the above lemma, our 
definition of {P)i for graphs is equivalent to the version of (P) for graphs in 

[ 22 ]. 

The next lemma compares gradient of a function on net and with its metric 
measure space version. 


Lemma 3.11. Let {M,d,p) he a quasi-b-geodesic metric measure space satisfy¬ 
ing {VD)\oc and let {X,d,m) be its e-net for some e>b. For all h > 0, there exists 
positive reals C,C' such that for all x G M, for all r > 1, and for all functions 
/ : X —>■ R., we have 



2 

2,B{x,r) 


<c\\sf\\ 


2 

2,BG(x,C'r) 


where x G X 


is such that d{x, x) < e and f : M ^ R is defined as in (3.4). 


Proof. Using Lemma 2.10, Proposition 2.22 (a) and (2.12), there exists Ci > 0 
such that 


(3.7) 


/ / f{y) - f{z) 

J B{x,r) JM 


^ ^d{y,z)<h 

V{yM 


dz dy 


s^Bcyx^Cir) ^ ' > 


f{y) - f{z) 


21 


d{y ,z)<h 

v{y,h) 


dz dy 
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for all x G M and r > 1. For all s G X, y G B{s, e) and z G B{y, h), we have 
f{y) - f{z) = - ^‘(^)) = XI(•/’W “ f(.s))iOtiy) - Ot{z)) 

t^X t^x 

= X ifW-fis))iStiy)-dtiz)) 

t^X,d(s,t)<2e-\-h 


For the last line, if d{s, t) > 2e + h, then by triangle inequality d{t, y) > h + e, 
d{t, z) > e and therefore 9t{y) = 9t{z) = 0 whenever d{s, t) > 2e + h. Let Dx < oo 
be the maximum degree of the net from Proposition 2.22(b) and ng = A(h + 2e) + 
A + h where A is from (2.12). Since |i3G(s,no)| < 2A^”“, we have 


(3.8) /(Pi)-/(P2) 


< 2 


teBc{s,no) 


\f{t) - /(s)| < 41)”“ sup |/(t) - /(s)| 

teBa{s,no) 


Let PotPi, ■ ■ ■ ,PdG{s,t) be a path from s to t. For all t G BG{s,no), by Cauchy- 
Schwarz inequality we have 

( dG{t,s)-l \ ^ 

X ~ /(p*+i)) < X 

i=0 j peBG(s,no) 

Combining (3.7),(3.8) and (3.9) 


V/ < V X 

h 2 B(x r) ' ^ ^ 

sGSG(S,C'ir) tGBG(s,no) 

s^Ba{x,Cir) t^Bois^no) 

< 8C:^°D^^°no Y 

seBG{x,C3r) 

for all a; G M and all r > 1. The second line follows from (2.13) and the last line 
from |i3(f,no)| < 2D^. □ 


The following proposition shows that Poincare inequalities can be transferred 
between a metric measure space and its net. 

Proposition 3.12. Let {M,d,p) he a b-quasi-geodesic space satisfying (CZl)ioc 
and let {X, d, m) he its e-net for some e > b. Then for all h > 5e, {X, da, m) satisfies 
(P)i if and only if {M, d, p) satisfies {P)h- 

Remark 3.13. In general, we do not know if the inequality h > 5e in the above 
statement is required. We believe that h > b is sufficient but we are unable to prove 
this. 


Proof of Proposition 3.12. Suppose {X,dG,m) satisfies Pi(ro, C^). 
Let g G and let g : X —>• M be defined as (3.3). Let x G M and r > ro be 
arbitrary. Let x G X be such that d(x,x) < e. There exists Ci > 0 such that, we 
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have 


(3-10) / \g{y) - gB{x,r)^dy 

J B{x,r) 

< [ \g{y) - afdy < f - afdy 

JBix.r'] ^ r-. /- ^ \ JB(v.e) 


peBc{x,Cir) 


^2 E 

p€BG{x,Cir) 


'B{p,e) 


\g{y) - gip)\^dy + m{p)\gip) - a|^ 


for all a £ K and all functions g. The second line above follows from (3.2), Propo¬ 
sition 2.22 (a) and (2.12). The last line follows from (a + b)"^ < 2(a^ + &^). The first 
term above is bounded using Jensen’s inequality as 

^ \giy) - Kpfdy < ^ 


lB{p,e) ^ {P: e ) J B{p,€) J B{p,e 

Hence by Lemma 2.10, we have 


\g{y)-g{z)\ dzdy 


E 

peBG(x,Cir) ' 


B{p,(i) 


\g{y)-gipTdy 


< E / / 

p(^BG{x,C^r)d B(P,^) J B(p,e) 




(3.11) <C2|||V5l5JlE(..C3.) 

for some C 2 ,C '3 large enough. We used Lemma 2.10 and triangle inequality in 
second line above and Proposition 2.22(h) and (2.12) in the last line. Choose 
Cl = gBG(x,Cir) in (3-10), so as to apply Pi(ro, C^) on {X,d,m) to bound the 
second term in (3.10) as 

(3.12) l 2 = E Bi{p)\g{p) - a|^ < ¥g\\\BG{x,c^r) 

peBG(x,Cir) 

For all p,q € X satisfying p ^ q, hy Jensen’s inequality and triangle inequality we 
have 

Iff 


lff(p)-5(<?)l < 


m{p)m{q) J B{p,e) J B{q,e) 


\g{y)-g{z)\ dzdy 


< 


m{p)m{q) JB{p,e) JB(q,e 


\g{y) - g{zf‘ld(y,z)<5e dz dy 


Hence for all p £ X, 


\Sg{p)\^m{p) 

^ E 


q&X,q~p 


V{q, 


' B{p^Ae) J B{p,Ae) 


\g{y) - g{zf^d{,v,z)<5e dzdy 


< Ce.9£ E 


(3.13) 


q(^X,q~p'' “'B(y.4e) 

< CepeDx [ [ 

JB{p, 4 e) JB{p, 4 e) 


\giy) - giz)\ 


2 ^d{y,z)<5e 

V{y,5e) 


dz dy 
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The third line follows from Lemma 2.10 and the last line from bounded degree 
property of Proposition 2.22(b). Combining (3.12), (3.13) along with (2.12) and 
Proposition 2.22(h) gives 

(3-14) 

Combining (3.10),(3.11) and (3.14) yields Poincare inequality (P) 5 e for 
By Lemma 3.5, we get {P)h for all h > 5e. 

Conversely, suppose that (M, d, /r) satisfies Ph{ri,C'^, C'^) for some h > 5e. Let 
/ : X —>■ K. be an arbitrary function and define / : M —>■ R as in (3.4). Denote 
Bc{p,r) be an arbitrary ball in {X,d,in) where r > ri. Then using (3.2), (yD)\oc 
and the inequality (a + 5)^ < 2(a^ + 6^) we have 

(3.15) |/(9) -/sGfo.r)|^™(g) 

qeBG(p,r) 


< X! Ifid)- <Ce /2 [ 1/(9) 

qGBG{p,n) q^Bcix^n) 


qeBGip,n)' 


Big,e/2) 


fid) - fiy) + fiy) - a 


dy 


for all a S R. Using Proposition 2.22(a) and (2.12), there exists positive reals 
Cs, Cii, C 12 such that for all r > min(l, ri/Cg) and all functions /, we have 


E / 

gGBG(p,r) 


fiy) -' 


dy < 


(3.16) 


< Cgr" 


V/ 


B{p,Csr) 

2 


hy) -' 


dy 




2,B{p,Cior) 

In the second step above, we fix a = fB(p,C 2 r) and apply Poincare inequality {P)h 
and in the last line we apply Lemma 3.11. Let q G X and y G B{q,e/2). Since 
Ky) = J2teX:dG{t,q)<i dt{y)f{t), we have 


fid) - fiy) 

— 

E dtiy)ifid)-fit)) 



t^X:d{t,q)<l 


< E \ifid)-f{t))\ 


< df{q)\/^I^. 


The last line follows from Cauchy-Schwarz inequality and maximum degree Dx 
from Proposition 2.22(b). Using this estimate, we have 

>^1 = E / - ^xC^i2 

q&BG{p,r) y^BG{p,r) 

(3.17) < DxC,/2 II^/IIEg(pt) • 

Thus (P)i for {X,d,m) follows from (3.15), (3.16) and (3.17) along with Lemma 
3.9. □ 


We now show that Poincare inequality (P)i is preserved under quasi-isometry 
for graphs. 

Let (X, d, m) be a weighted graph. Then for the closed balls in the graph, we 
have B{x,r) = B{x, [rj). Hence by Lemmas 3.7 and 3.9, we have the following 
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equivalent definition of A weighted graph {X,d,m) satisfies {P)i, if there 

exists Cl > 0, (72 > 1 such that for all / : A —^ R, for all x G A and for all n G N*. 

(3.18) ^ \f{y) - fB{x,n)\‘^ < Cin^ E \Sf{yfrn{y) 

y£B{x,n) B{x,C 2 n) 

where fB{x,n) is the average of / in B[x,n) with respect to measure m. We will 
use the alternate definition for the proposition below. 


Proposition 3.14 ([22], Proposition 4.2). Let (Ai,di,mi) and (A 2 ,d 2 ,m 2 ) 
be quasi-isometric weighted graphs that satisfy (VD)ioc- Then (Ai,di,mi) satisfies 
(P)i if and only if {X2, d2,m2) satisfies (P)i. 


Proof. We denote the balls, volume of balls and gradient of {Xi,di,mi) by 
Si respectively for i = 1,2. 

Assume that (Ai,di,mi) satisfies (P)i. Let $ : Ai —7> A 2 be a quasi-isometry 
with UxeXiB2{^ix),k) = X2 for some k G N*. Let / : A 2 —>■ M and let fk{x) 
denote the average of / in B 2 {x, k) with respect to measure m 2 . Applying (P)i to 
the function o <!> : Ai —^ K, we have 


(3.19) 




2 

2,Bi {x,n) 


< Cm^ 


IMfkom 


2 

2,Bi {x,C[n) 


For all y G Ai, we have 

(3.20) 

\Sl{fk O $)(j/)|^TOi(y) < C2|l5i(/fc o $)(y)|^TO 2 (^’(y)) 

< C 2 CX 1 sup |/fe(^(wi)) -/fe($(y))|^TO 2 ($(y)) 

wi^Xi 


The hrst line follows from the quasi-isometry condition mi{y) < C'm 2 {^{y)) and 
the second line from bounded degree property of Lemma 2.23. Since $ is a quasi¬ 
isometry, there exists I > 0 such that B2{^{y),l) C $(ili(?/, 1)) for all y G Ai. 
An application of Cauchy-Schwarz inequality along the minimal path $(wi) = 
Po,Pi,...,Ps = $(y) gives 


i/fc($(u;i)) - hmy)f < - fkmP^+l)f 

(3.21) <l 


for all y,wi G Ai such that y ^ wi. Combining (3.20), (3.21) and (2.15) of Lemma 
2.23, we obtain 

(3.22) MfkO^){yfm,iy)<C2DxJCl, ^ \S2fk{zfm2{z) 

zeB2(4'(y),0 

Since $ is a quasi-isometry, there exists C 2 > 0 such that 

^ze<i'{Bi(x,C[n))B2{z,l) C il2($(x), C^n) 
for all X G Ai and n G N*. Combining this with (3.22) and Lemma 2.23 gives 

(3.23) ll<5l(/fc O ‘^’)ll2,Bi(x,C(n) — ^3 ll^2/fc|l2,B2($(a;),C'n) 
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for all n G N*, for all x G M and for all functions /. We write, 

\S 2 fk{zf = \Mz)-fk{yf 

yeX2-.y'^z 




1 


y^z 


V2iz,k) 


E l/W - 


tGB2{z,k) 


1 


V 2 {y,k) 


E \fis) - fi^frn^is) 


seB2(y,k) 


< 


V2{z,k) 


t^B2{z,k) 


sG-B 2 (z,fc+l) 


The second and third lines above follow from (a + 6)^ < 2(a^ + 6^) along with 
Jensen’s inequality. The last two lines follow from Lemmas 2.23 and 2.10 to compare 
V 2 {z,k) < V 2 {y,k + 1) < CiV 2 {y,k). By Lemma 2.23, we have 7712 ( 1 ) < C''^V 2 {z,k) 
for all z G X 2 and for all t G B 2 {z, k + 1). It follows that 

\hfk(.zf < Cs E l/(^) - 

t^B 2 ( 2 , A;-1-1) 

An application of Cauchy-Schwarz inequality similar to (3.21) yields 

hfkizf < Csik + 1)0X2’^+^ E l^ 2 /(y)|" 

y^B2{z,k+l) 


Finally by Lemma 2.23, 

(3-24) ll'^ 2 /fe(^)|l 2 ,B 2 (<I>(a:),C;n) ^ II <^ 2 /|| 2 ,B 2 (*(z),C'n) 

Combining (3.19), (3.23) and (3.24), we have 

(3.25) \\fk O 4) - (/fc O Bx(x,n)'^2,Bi{x,n) - II <^ 2 /1| 2,B2 ($(2),C'n) 
Suppose we prove that 

(3.26) '\\f - fB2{‘t>{x),n)'\\2^B2(^(x),n) - ^8 H *^ 2 /1| 2,B2 ($(x),C'n) 

+ Cg ||/fc O $ - (/fe O <I>)Bi(..C'n) llEd-,C'n) ' 

Then (3.25) and (3.26) gives 

(3-27) ||/ - /B2(<L(a;).n)||2_B2($(a;),n) - ll'^2/(2:)|l2,B2(*(x),C'n) ' 

for all X G Ml and for all n G N*. Thus we obtain Poincare inequality for all balls 
centered in the image of $. Let y G M 2 . Then there exists y G Mi such that 
y G B 2 {^[y)jk). It follows from (3.2) that 

II 112 II 112 

||/~ /B2(y.rt) ||2,B2(i/,ra) — P ~ II2,B2(y.n) 

II 112 

< ||/ - /B2(*(y).r!.+fc)||2^B2($(i7).n+fe) 
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Hence by (3.27), we have (P)i for (X 2 ,d 2 ,m 2 ). 

It remains to show ( 3 . 26 ). Let : M2 —?> Mi denote the quasi-inverse such that 
$“^(7712) G Ml is such that ^2(1712, ($ o $“^)(m2)) < k. We have by ( 3 . 2 ) and 
(a + 6 )^ < 2 (a^ + 5 ^) that 

II 112 2 

||/ “ / B 2 (i(x),n) || 2 ,B 2 ($(a:),n) ~ ~ II 2,^2 ($(a;),n) — ^*^2 

where 

-5l = ||/-/fe0®0$”iJ,B2($(.).n) 

and 

for all a G K. Let z = $ o <i)“i(z), then d 2 (z,z) < k. We bound as 
Si= \fiz) - fk{z f'rn2{z) 

z^B2{^{x),n) 

^ Y. k) Y \f{z)-f{tfm2mm2{z) 

zeB2(‘S>ix),n) y : y teB2iz,k) J 

Y Y \^2f{t)frn2{z) 

z^B2{^{x),n) t^B2iz,2k) 

— ^12 11 ^ 2 / 112 , B2($(2:),C>) ■ 

The second line follows from Jensen’s inequality. The third line follows from 
d 2 {z,z) < k and an application of Cauchy-Schwarz inequality similar to (3.21). 
The last two lines follows from bounded degree property and (2.15) of Lemma 2.23. 
For the second term S 2 , we have 

S2<Ci3 ^ |/fe o $ o $-1(2:) - Q!|^TOl(<i)“^(z)) 

z^B2i^ix),n) 

< Cl4 ll/fe O $ — a|l2,Bi (s.C^n) 

We use the fact that <i> and are quasi-isometries. Indeed, for C'g big enough 
<i>“^(i? 2 ($(a;), n)) C i?i(a;, Cgu), since is a quasi-isometry with 

d 2 {x, $ o $“^(a:)) < k. 

Moreover |{z G X 2 : $“^(z) = 7 c}| is uniformly bounded over all w G Xi. Choose 
C 5 = max)^^, C'g). The bounds on and S 2 along with the choice a = {fk o 
^)Bi{x,c'^n) concludes the proof of (3.26). □ 

Corollary 3.15. Let {X,d,m) he a weighted graph satisfying {VD)ioc and let 
h>l. Then {X,d,m) satisfies (P)i if and only if {X,d,m) satisfies {P)h- 

Proof. By Lemma 3.5, (P)i implies {P)h- 
Conversely, assume {X,d,m) satisfies {P)h- Fix k = [hj. Since |V/|^ = |V/|^ for all 
functions / : X —>• R, (X, d, m) satisfies {P)k- k-fuzz of a weighted graph is defined 
as the weighted graph {X,dk,rn) where the edges are defined by dk{x,y) = 1 if 
and only if 1 < d{x,y) < k for x,y G X. It is straightforward to verify that 
the fc-fuzz {X,dk,m) satisfies (HP)ioc and is quasi-isometric to {X,d,m). Since 
{X,d,m) satisfies (P)/c, the fc-fuzz {X,dk,m) satisfies (P)i. Hence by Proposition 
3.14, {X,d,m) satisfies (P)i. □ 
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As outlined at the start, the robustness of Poincare inequality on graphs in 
Proposition 3.14 can be transferred to arbitrary quasi-geodesic spaces using Propo¬ 
sition 3.12. 

Proposition 3.16. Fori = 1,2, let be quasi-bi-geodesic spaces 

satisfying {VD)ioc- Assume {Mi,di, p-i) and (M 2 ,(i 2 ,/i 2 ) are quasi-isometric. Let 
hi > 5bi and for all /12 > 662 . Then {Mi,di, pLi) satisfies (P)hi if and only if 
{M 2 ,d 2 , IJ. 2 ) satisfies {P)h 2 - 

Proof. It is a direct consequence of Propositions 3.12 and 3.14. □ 

The above Proposition along with the fact that length space is ^-geodesic for 
all 6 > 0 gives the following. 

Corollary 3.17. Let {M,d,p) be a length space satisfying {VD)ioc. Then for 
every hi,h 2 > 0, {M,d,pL) satisfies (P)hi if and only if {M,d, p,) satisfies {P)h 2 - 

3.3. Poincare inequalities in Riemannian manifolds 

In this section, we see the relationship between various Poincare inequalities on 
a weighted Riemannian manifold. We start by introducing some Poincare inequal¬ 
ities from [22]. 

Definition 3.18. We say that a complete weighted Riemannian manifold 
{M,g) with measure p satisfies {P)oo if there exists tq > 0, Ci > 0, (72 > 1 
such that for all / G for all a; G M and for all r > rg, we have 

(P)oo [ \fiy)-fBix,r)\^hidy) <Cry [ \gTa,d f {yf p{dy) 

J B{x.,r) J B{x,C 2 p) 

where fB{x,r) denote the average of / in B{x,r) with respect to p. We say that a 
complete weighted Riemannian manifold (M, g) with measure p satisfies (P)ioc if 
there exists (7i > 0, (72 > 1 such that for all / G for all x G M and for all 

r > 0 , we have 

(^)ioc / \f{y)-fB(x,r)fti{dy) <Cr [ \grad f{yf p{dy) 

J B{x,r) JB{x,C 2 t) 

where fB{x,r) denote the average of / in B(x,r) with respect to p. 

It is clear that {P)Rm implies (P)oo and (P)ioc- The inequality (P)ioc is a weak 
assumption. For instance, manifolds with a lower bound on Ricci curvature satisfy 
(P)ioc. Inequality (P)oo is a large scale version of {P)Rm. 

Proposition 3.19. ([ 22 , Proposition 6.10]j Let {M,g,p) be a weighted Rie¬ 
mannian manifold satisfying (PD)ioc and (P)ioc and let {X,d,m) be its e-net for 
some e > 0. Then {M,g) with measure p satisfies {P)oo if and only if {X,d,m) 
satisfies (P)i. 

Propositions 3.19 and 3.12 along with Corollary 3.17 gives the following 

Proposition 3.20. Let (M,g,p) be a weighted Riemannian manifold with Rie¬ 
mannian distance d. Denote by {X,do,rn) be an e-net of (M,d,p) for some e > 0. 
Assume {M,d,p) satisfies {VD)\oc and (P)ioc- Then the following are equivalent: 

(a) (M,d,p) satisfies (P)oo- 

(b) {M,d,p) satisfies {P)h for some h> 0. 
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(c) satisfies {P)h for all h > 0. 

(d) {X,da,m) satisfies {P)i. 

(e) {X,da,m) satisfies {P)h for some h>l. 

3.4. Poincare inequality: Examples and Non-examples 

A large class of examples for {P)h can be obtained from Proposition 3.16 and 
3.20. For instance, Buser proved {P)Rm for Riemannian manifolds with non¬ 
negative Ricci curvature. Therefore by Proposition 3.20, Riemannian manifolds 
with non-negative Ricci curvature satisfy {P)h for all positive scales h. The follow¬ 
ing example is from [35]. 

Example 3.21. [Euclidean space with radial weights] Consider R" with stan¬ 
dard Riemannian metric g, Euclidean distance d and measure dfj,a{x) = (1 + 
\xf)°‘/‘^dx. It is easy to verify that (K",d,/i^) satisfies {VD)ioc and (P)ioc. More¬ 
over (RP,d,g,a) satisfies {VD)oo if and only if a > —n. If n > 2, then (R"’,d,/Xa) 
satisfies (P)oo and therefore {P)h for all values of a G R and h > 0 (See Remark 
3.13 in [35]). However, (R, d,/X q.) does not satisfy {P)oo for a > 1. It can be easily 
seen using the test function fa{x) = fg(l + dt. By [35, Theorem 7.1(i)], 

(R, d, /j,a) satisfies (P)oo if —1 < a < 1. Due to an unpublished result of Grigor’yan 
and Saloff-Coste, (R,d,ga) satisfies (P)oo if and only if a < 1. 

Example 3.22. We describe an example of quasi-geodesic space which is nei¬ 
ther a graph, nor a length space. Consider the ‘Broken line’ BL C R 

BL= lj[n-l/4,n-hl/4] 

It is quasi-6-geodesic if and only if 5 > 1/2. We equip it with the Euclidean 
distance d and restriction of Lebesgue measure /i on BL. (P)h is not true for 
{BL,d,iJ,) ii h < 1/2. It can be seen using the test function / : BL —^ R defined 
by f{^) = (—l)L‘^+^/'*J. However, it can be shown that for {BL,d,fj,) satisfies {P)h 
for all h> 1/2. 

Example 3.23 (Hyperbolic space). Consider the Hyperbolic n-space H” with 
Riemannian distance dn and Riemannian measure /i. (H", djx,/x) satisfies {VD)ioc 
and (P)ioc- However (H”, d, /x) does not satisfy (FIl)ioc because the volume of balls 
grows exponentially. Further (H",dxx,/x) does not satisfy the Poincare inequality 

(P)oo. 

Another example in a similar spirit is the infinite d-regular tree equipped 
with graph distance metric and counting measure. It is easy to very that if d > 3, 
Td does not satisfy {VD)oc, and does not satisfy {P)h for all h > 0. 

Examples 3.21 and 3.23 illustrates all the four possibilities that can occur with 
properties {VD)oo and {P)oo- It is summarized in the table below. 
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{VDU 

(P)oo 

Examples 

True 

True 

{W^,d,fj,a) with n>2 and a > —n or n = 1 
and a S (—1,1) 

True 

False 

(R, d, ^a) with a > 1 

False 

True 

(R", d, fj^a) with a < —n 

False 

False 



Table 1. Examples of spaces in relation to the properties (ED)oo 
and (P)oo 









CHAPTER 4 


Markov kernel, Semigroup and Dirichlet forms 


In this chapter, we consider Markov chains on metric measure space 
Let B denote the Borel tr-algebra on (M, d). Our work concerns long term behavior 
of a natural family of Markov chains on the state space M. We will recall some 
standard definitions and facts about discrete time Markov chains. 

A Markov transition function is a map P : M x H : [0, oo) such that x i—^ (x, A) 
is H-measurable function on M for all A S H and A H> V{x,A) is a probability 
measure on {M,B) for all x G M. A Markov transition function V on {M,B) is 
^-symmetric if 

(4.1) / / ui{x)u 2 {y)'P{x,dy)n{dx) = / / ui{x)u 2 {y)'P{x,dy)fi{dx) 

JmJm JmJm 

for all measurable functions ui,U 2 : M —>■ [0, oo). 

Remark 4.1. For the rest of this work, we assume that the our Markov tran¬ 
sition function is /r-symmetric with respect to some measure fi. 

Associated with a /r-symmetric Markov transition function V is a Markov op¬ 
erator P, which is a linear operator defined by 

(4.2) Pf{x)=f f{y)P{x,dy) 

JM 

on the set of bounded measurable functions. The operator P extends as a con¬ 
traction operator on LP{M) = LP{M,ii) for all p G [l,oo]. With a slight abuse 
of notation, we denote this extension again by P : LP{M) —>■ U'{M) for each 
1 < p < 00. Moreover P is positivity preserving, i.e. if / > 0 then Pf > 0. 

The n-th iteration P” of the operator P is just the operator associated with 
kernel P" defined inductively by 

P"(x,A) := [ V^-\z,A)V{x,dz) 

JM 

for all X G M, for all measurable sets A G B and := P. We now have the 
Markov semigroup of linear operators (P")„giij(, where P*^ is the identity operator 
on The Chapman-Kolmogorov equation is given by 

(4.3) P™+”(x,A)=/’ P”(z,A)P™(x,dz) 

JM 

for all A G P and for all m, n G N*. By Fubini’s theorem, (4.3) implies the semigroup 
property P'^+'^f = pmpnj m, n G Nq and / G L^{M). 

The operator A := / — P is the Laplaeian which generates the Dirichlet form 

^(/,/) = (/, A/)l2(m) = ^ / f if{x)-f{y)fr{x,dy)n{dx). 

^ JM JM 
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on L'^{M) with full domain !){£) = L?{M). 

For every Markov transition function V on (M, B) there exists a Markov chain 
„gNo,a;GM On some path space such that 

V{x,A)=^,{X^&A). 

(one can always choose the canonical path space fl = and 

Xn{uj) = LUn for w = (wq, Wi) The transition function P" is then given by 
V'^{x,A) = ¥x{Xn G A) and the operator P” by P^f{x) = E^fiXn). The /r- 
symmetry of V is equivalent to the ^-reversibility of the Markov chain: 

P^(Xo gA,XiGB)= F^iXi gA.XoG B) 

where P^ is a measure (not necessarily a probability measure) defined by P/i(-) := 

If V{x, •) <C /X for all a: € M, we denote its kernel by p : M x M —)■ [0, oo), that 
is 

'P{x,A)= / p{x,y)fj.{dy) 

J A 

for all X € M and for all A G B. The kernel p is called a Markov kernel with 
respect to p. The kernel p{x,-) is the Radon-Nikodym derivative of 'P{x,-) with 
respect to p, that is 'P{x,A) = Jj^p{x,y)p{dy) for all a: G M and all A G B. The 
/4-symmetry of V implies symmetry of kernel, that is p{x, y) = p{y, x) for all /t x /t 
almost every (x^y) G XI x XI. By definition, we have p{x,-) G for all 

x G M. However, we assume that p{x,-) G L°°{M,iJ.) for all x G M. Under the 
assumption p{x, •) G fl L°°, we dehne iteratively 

(4.4) pk+iix,y) := [Ppk{x,-)] (y) = / pk{x, z)pi{y, z)p{dz) 

Jm 

where pi := p and k G N*. The function pk for A: G N* is called the heat kernel. We 
will show some basic properties of heat kernel defined in (4.4). 

Lemma 4.2. Let {M, d, p) he a metric measure space and let P he a p-symmetric 
Markov transition function satisfying V{x,-) <C p for all x G M. Let pi(x, •) = 
denote the corresponding Markov kernel. Assume further that pi{x,-) G 
L°°{M^p) for all x G M. The the kernel pk defined in (4.4) satisfies 

(a) pk{x,-) = for all k G N*. That is V^{x,A) = J^pk{x, z)p{dz) for 

all X G M, for all fc G N* and for all A G B. 

(b) Pk{x, y) = Pkiy, x) G [0, oo) for all x,y G M and for all k > 2. 

(c) pk+i{x, y) = P^ {piix, •)) (jj) for all x,y G M and for all k,l G N*. 


Proof. Since pi(a;, •) > 0 /t-almost everywhere for all x G M, by induction 
we have that pk{x,y) G [ 0 , -l-oo] for all x,y G M and for all k > 2. Therefore by 
induction on k, we have 


/ Pk-\-i{x,y)dy = / / pkix,z)pi{y,z)dzdy = / Pk{x,z) / pi{z,y)dydz 

Jm Jm Jm Jm Jm 

= / Pk{x,z) dz = 1 . 

Jm 


In the first line above we used Fubini’s theorem and that pi{y, z) = pi{z, y) px p- 
almost everywhere. Since ||pfc(a:, •)||2 = 1 for all a: G M and for all k G W, we 
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have 


Pk+i{x,y) = \\pk{x,-)pi{y,-)\\i < lbfe(a;,-)lli l|Pi(y,-)lloo ^ Ibib.OIL < 
for all k gN* and for all x,y G M. 

First we show (b) by induction. The result is obvious for k = 2. If fc > 2, we 
have 


Pk-\-i{x,y)= / pk{x,z)pi{y,z)dz = / pk{z, x)pi{y, z) dz 
JM JM 

= / Pk-i{z, w)pi (x, w)pi (y, z) dw dz. 

JM JM 


In the first line above, we used the induction hypothesis. By the above formula for 
Pk+i{x,y) it is clear that Pk+iix,y) = pk+i{y,x) for all x,y G M. 

Now we verify (a) by induction. For fc G N*, we have 


'yk -\-1 


{x,A)= [ 'P'^{z,A)V{x,dz)= [ ( f pk{z,w)dw]pi{x,z)dz 

JM JM \JA J 

= Pk{z,w)pi{x,z)dzdw = / / Pkiw,z)pi{x,z)dzdw 

JAJM JAJM 

= / pk+i{w,x)dw = / pk+i{x,w)dw 
J A J A 


for all A G B. In the first line above, we used induction hypothesis, the second line 
follows from Fubini’s theorem, (b) and the p, x p-a.e. symmetry of pi. The last line 
again follows from (b). 

By definition of pk (4.4), we have 


Pk+i{x,y) = P{pk{x,-)) {y) 


for all x,y G M. Therefore (c) follows from repeated application of the above 
equality. □ 


Remark 4.3. In light of (iii) above, we may alternatively define pk{x,-) as 
the Radon-Nikodym derivative However this alternate definition for pk{x,y) 
makes sense only for /r-almost every y G M (for a fixed value of x). Nevertheless, 
since pi{y, •) G L°° and pk-i{x, ■) G L^, it is clear that for all fc > 2, the function 
{x,y) I—>■ pk{x,y) defined in (4.4) is well-defined for all a; G M and for all y G M. 
Hence for fc > 2, pfc : Mx M — >• K>o is a genuine function (as opposed to Pk{x, •) just 
being in L^). For fc > 2, is a genuine function on M x M but pi(x, ■) G 
for all X G M . 

Many questions concerning the long term behavior of the Markov chain can 
be answered if we know pk- Therefore estimates on pk{x,y) for all x,y G M and 
for all fc G N* is of importance. Based on the remarks above on pk, any bound 
on Pk{x, •) must be understood in the p-almost everywhere sense for fc = 1 and in 
a point-wise sense for fc > 2. The estimates on heat kernel gives both qualitative 
(e.g. recurrence/transience, Liouville property) and quantitative (e.g. estimates on 
Green’s function. Holder regularity) information on the long term behavior of the 
Markov chain. See Chapter 10 for applications of Gaussian estimates on the heat 
kernel. 
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Example 4.4. Let {M, d, /i) satisfy {VD)ioc and let h > 0. Consider the natural 
ball walk with Markov kernel k with respect to fj, defined as k{x, y) = The 

corresponding Markov transition function /C is not necessarily /r-symmetric because 
k{x,y) ^ k{y,x) in general. Consider the measure /r' <C /i with ^(x) = V(x,h). 

The Markov kernel of /C with respect to y' is p{x,y) = Y^^hjvly^) ■ Hence /C is 
/r'-symmetric. Such ball walks on compact Riemannian manifolds were studied in 

[56]. 

A Markov chain {Xn, Px)rtGNo.xGM is said to be lazy if = x) > 0. 

Example 4.5. Consider a metric measure space {M,d,y) with a /i-symmetric 
Markov transition function V. Define the Markov transition function 

'Pl{x,A) := i(T’(x,A) +4(A)) 

where 5x{A) = 1a{x) denotes the Dirac measure at x. Note that Vl ^-symmetric 
and corresponds to a lazy Markov chain. Assume V has a kernel p with respect to 
y. Then Vl has a kernel with respect to y if and only ii Sx ^ y for all x G M. If 
P is the Markov operator corresponding to V, then Pl = {I + T’)/2 is the Markov 
operator corresponding to Vl, where I is the identity operator on LP{M). Hence 
the corresponding Laplacian operators A and Al are related by Al = A/2. 

Some basic properties of a symmetric Markov kernel are listed without proof 
in the lemma below. 

Lemma 4.6 (Folklore). Let V denote a y-symmetric Markov transition func¬ 
tion over a metric measure space {AL, d, y) and let P be the corresponding Markov 
operator. Then P is a eontraction on all LP{M,y), that is 

(4.5) ||P/||p < ll/llp 

for all p G [l,oo] and for all f G LP{M). A consequence of (4.5) is the inequality 

(4.6) £{fJ) = {{I-P)f,f)<2\\f\\l 

for all f G L'^{M). Moreover P is self-adjoint on L'^{M), that is 

(4.7) {f,P9) = {Pf,9) 

for all f ,9 G L‘^{M,y) where (/i,/ 2 ) = / 1/2 denotes the inner product on 

L\M,y). 

We list some elementary properties of a symmetric Markov kernel below. 

Lemma 4.7 (Folklore). LetV denote a y-symmetric Markov transition function 
over a metric measure space (M, d, y) and let p be the corresponding Markov kernel. 
Then for all x G M, the function 

(4.8) ncA p2n{x,x) 
is non-increasing. Moreover we have 

(4.9) P 2 n{x, y) < P 2 n{x, x)^^^P2n{y, 
for all x,y G M and for all n G N*. 
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Proof. Note that the first claim follows from (4.5) by 

P2n+2{x,x) = ||p„+i(a;, .)||2 = ||Pp„(a;, .)||2 < |b„(a;, .)||2 =p2n{x,x). 

For (4.9), we simply use Cauchy-Schwarz inequality to obtain 

P 2 n{x,y) = {pn{x,.),Pn{y,.)) < ||p„ (x,.) || 2 |b„ (y,.) || 2 ■ 


□ 


4.1. Assumptions on the Markov chain 

We introduce the main assumptions on the Markov chain in the following def¬ 
inition. 

Definition 4.8. For /i > 0, a Markov transition function V on {M,B) is said 
to be {h, h')-compatible with (M, d, p) if 

(a) V is /i-symmetric. 

(b) There exists a kernel pi such that V{x, A) = pi {x, y)p{dy) for all a; G M 
and for all A G B. By (a), we have pi{x, y) = pi(j/, x) for all p x /i-almost 
every (x, y) £ M x M. 

(c) There exists reals Ci, Ci >0 and h’ > h such that 

for all X G M and for /r-ahnost every y G M. 

(d) There exists a > 0 such that 

(4.11) p 2 {x,y) > api{x,y) 

for all X G M and for ^-almost every y G M, where P 2 is defined by (4.4). 
The corresponding Markov kernel pi is said to be (/i, h')-compatible with (M, d, p). 
If a Markov transition function V satisfies (a),(b),(c) above we say that V (respec¬ 
tively pi) is weakly [h,h')-compatible with {M,d,p). 

Similarly, we say the corresponding Markov operator P is (weakly) {h,h')- 
compatible with (M, d, p) if the Markov transition function V is (weakly) {h, h')- 
compatible with (M, d, p). 

Remark 4.9. (i) Let {M,d,p) satisfy (foD)ioc and hi > h 2 > 0. If a 

Markov kernel Pi is (di,/i')-compatible with {M,d,p) then pi is (h 2 ,h')- 
compatible with {M,d,p). 

(ii) The condition (d) in Definition 4.8 may seem unnatural, but is impor¬ 
tant for certain technical reasons. The proofs on Caccioppoli inequality 
(Lemma 7.8) and discrete time integrated maximum principle (Proposi¬ 
tion 7.12) and relies crucially on laziness of walks. Condition (d) enables 
us to compare the behavior of a given random walk with its lazy version 
as presented in Example 4.5. 

(iii) There are several examples for which (d) is satisfied. For instance, a 
Markov kernel on weighted graphs satisfying (PD)ioc is weakly {h,h')- 
compatible if and only if it is (/i, /i')-compatible. Consider a Markov ker¬ 
nel p weakly (/i, /i)-compatible with a length space (M, d, p) satisfying 
(PD)ioc, then p is {h,h) compatible. 

(iv) Lemmas 4.11 and 4.16 show that the assumption (d) is not restrictive for 
obtaining Gaussian estimates. 
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(v) The condition (4.10) is an analog of the uniform ellipticity condition (1.4). 

We record some important consequences of Condition (d) in Definition 4.8. 

Lemma 4.10. Let be a metric measure space and let P be Markov 

operator that is {h^h')-compatible with (M, d,/i). Then the corresponding kernel pk 
satisfies 

(4.12) Pk+iix, y) > apkix, y) 

for all x,y G M and for all k > 2 where a is same as in (4.11). Moreover the 
operator {P— (a/2)J)^ is positivity preserving, that is if f : M —>■ R satisfies f >0, 
then (P — (a/2)J)^/ > 0. 

Proof. Since P^ is a Markov operator, by (4.11) and Lemma 4.2(c) we have 
Pk+ 2 ix,y) - apk+i{x,y) = P'^ [p 2 {x,-) - api{x,-)] (y) > 0 

for all k gN* and for all x,y G M. This proves (4.12). 

By (4.11) and / > 0, we have 

(P - {a/2)lff{x) = (P2 - aP)f{x) + {a/2ff{x) 

> (P^ - aP)f{x) = [ f{y){p 2 {x, y) - api{x, y)) dy>0 
Jm 

for all X G M. □ 


The following lemma shows that a large enough convolution power of a weakly 
compatible kernel is compatible under some mild conditions. 

Lemma 4.11. Let {M,d,y) be a quasi-b-geodesic space satisfying (PP)ioc and 
let Pi be a Markov kernel weakly {h,h')-compatible with {M,d,y) for some h > b. 
Then there exists /c G N* for which pi is {h,lh')-compatible with {M,d,p) for all 
I G N* such that I > k. 


Proof. Properties (a) and (b) of Definition 4.8 follows directly from the weak 
compatibility of pi. It only remains to check properties (c) and (d). Assume that 
Pi satisfies (4.10). Let x,y G M with d{x,y) < h'. By Lemma 2.6, there exists even 
number k G N* such that for alH > fc > 2, there exists a Pchain xo,xi,... ,xi with 
xq = X, xi = y. Define hi = Ih — b)/2. By Chapman-Kolmogorov equation 


Pi{x,y) 


> 


> 


> 


(4.13) > 


/ 

J B{xi-i,hi) 

r 

./ 

J B{xi ,hi 

r 

J B{xi_i,hi) 

r 

JB(xi ,hi 

r 

J B{xi-i,hi) 

JB{xi ,hi 

'^h,2h 


V (x, h) 



• / p{x,yi)p{yi,y 2 ) ■. ■p{yi-i,y) dyidy 2 . ■ .dyi-i 

J B{x\,hi) 


.^-1 


' Jb{x^M) V{x,h)V{yi,h). ..V{yi-i,h) 

I — 1 /^2 — I 


Cl L^I 


h,2h 


JBixiM) h)V{xi,h).. .V{xi-i, h) 


dyidy2 ■ ■ .dy;-: 


dyidy2 ■. ■ dyi-i 


The third line above follows weakly (d, d')-compatible condition (4.10) and the 
fourth line follows from Lemma 2.10. Combining with the fact that p is weakly 
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{h, /i')-compatible along with Lemma 2.10 gives the following lower bound: For all 
I > k and I G N*, there exists ci,i > 0 such that 

(4.14) mm{pi{x,y),pi+i{x,y)) > six,h'){y) 

for all x,y € M. Hence by (4.14) and (4.10) we get pj+i > aipi for some ai > 0. 
Since P is positivity preserving, we have 

P 2 iix,y) = {P’-~^pi+i{x,.)) iy) > ai {P’-~^pi{x,.)) (y) =aipi{x,y) 

which is condition (d) of Definition 4.8. Note that (4.14) implies that pi satisfies 
the lower bound in condition (c) of Definition 4.8. 

Now we turn to the corresponding upper bound for pi. Since P is a contraction 
on L°°, there exists Ci > 0 such that pm{x,y) < Ci/V{x,h) for all x,y G M and 
all TO £ N*. By triangle inequality Pm{x, y) = 0 if d{x, y) > mh' for all to G N* and 
for all x,y G M. Hence by Lemma 2.10 we have the desired conclusion. □ 

Remark 4.12. We now justify the condition h > b in the above lemma. It is to 
avoid pathological examples of the following kind: Consider a ball walk of Example 
4.4 with h < 1/2 on Broken line space {BL, d, p) from Example 3.22. It is easy to 
check that such a random walk never leaves a connected component. Similarly, the 
ball walk of Example 4.4 with h < I on a graph always stays at one point. 

4.2. Gaussian estimates 

The main property of a Markov kernel that we are interested in are Gaussian 
estimates for its iterated kernel 

Definition 4.13. A y-symmetric Markov kernel y on (M, d, p) is said to satisfy 
Gaussian upper bound (GUE) if there exists Ci,C 2 > 0 such that 

(GUE) pn{x,y) < y^^^-^eyip{-d{x,yf/C2n) 

for all x, y G M and for all n G N* satisfying n > 2. 

Similarly, a y-symmetric Markov kernel y on a metric measure space (M, d, y) 
is said to satisfy Gaussian lower bound {GLE) if there exists Ci,C 2 ,C 3 > 0 such 
that 

{GLE) pn{x, y) > exp {-d{x, y)^/c 2 n) 

F(a:, Vn) 

for all x,y G M satisfying d{x, y) < c^n and for all n G N* satisfying n >2. 

A y-symmetric Markov kernel y on a metric measure space (M, d, p) is said to 
satisfy two sided Gaussian bound {GE) if it satisfies {GUE) and {GLE). 

The condition d{x,y) < c^n in {GLE) is needed because Pn{x,y) vanishes for 
compatible kernels if d{x, y) > cn for some constant c > 0. In many situations, the 
above Gaussian estimates are equivalent to the following (a priori weaker) estimates 
which are easier to prove. We require the estimates in Definition 4.13 to hold only 
for large enough n in the definition below. 

Definition 4.14. A y-symmetric Markov kernel y on (M, d, p) is said to satisfy 
Gaussian upper bound {GLfE)ao if there exists (71,(72, no > 0 such that 

c 

lyy/ii) 


{GUE)^ 


Pn{x,y) < 
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for all x,y € M and for all n S N* such that n > uq. 

The conditions {GLE)oo and {GE)ao are defined analogously. 

Under mild conditions, we show that {GE)oo implies (GE). 

Lemma 4.15. Let {M,d,fj,) be a quasi-b-geodesic space satisfying {VD)ioc and 
let Pi be a Markov kernel weakly {h,h')-compatible with {M,d,yL) for some h > b. 
The following hold: 

(a) If Pi satisfies {GUE)ao, then pi satisfies (GUE). 

(b) If Pi satisfies {GLE)ao , then pi satisfies (GLE). 

(c) If Pi satisfies {GE)ao , then pi satisfies {GE) . 


Proof. Note that pi satisfies (4.10). 

(a) The Gaussian upper estimate for where n > ng follows from [GUE)ao- 
If n < no, we simply use that P is a contraction in L°° along with (4.10) 
to obtain 


Pn{x,y) < 
< 


Gl^B(x,noh')iy^ 
V{x, h') 

C2 ( 


d{x,yf \ 
G2n ) 


for all a;,y G M and for all n < uq. The first line above follows from 
triangle inequality, = 1 and (4.10). The second line follows 

from Lemma 2.10. 

(b) The Gaussian lower bounds for pn where n > no follows from (GLE)oo. 
Let hi = mm{h/2, h — b). Using ideas similar to the proof of Lemma 4.11 
(see (4.13)), there exists C 2 ,C 3 ,C 4 > 0 such that 


Pn{x,y) 


> 


> B{x,hi 


f B{x,hi 


p{x,yi)p{yi,y2) ■ ■ -pivn-i, 


y)dyidy2 ■--dyn-i 


^ C2C3lB{x,b){y) ^ C4 / d{x,y)^ 

~ V{x,h) ~ V{x,y/n) \ C4n 


for all n < no and for all x,y £ M such that d{x, y) < {h/no)n. 

(c) It is a direct consequence of (a) and (b). 


□ 


Lemma 4.16. Let {M,d,y,) be a quasi-b-geodesic space satisfying (UIl)ioc and 
let p be a Markov kernel weakly (h,h')-compatible with {M,d,fj,) for some h > b. 
For some k £ N*, if pk satisfies (G£’)oo then p satisfies (GE). 

Proof. By Lemma 4.15 it suffices to show that p satisfies {GUE)oo and 
{GLE)^. 

Suppose p = Pi satisfies (4.10). For n> k, there exists A = kh' > 0 such that 

(4.15) Pn{x,y) < sup PkYn/k\{x,z) 

zeB(y,A) 

for all x,y £ M and for all n G N* with n > k. This follows from Ghapman- 
Kolmogorov equation along with the fact that the support of pi{-,y) is contained 
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in B{y,kh') for all I < k. Since pk satisfies {GUE)oo, there exists Ci,C 2 > 0 and 
no > 0 such that 


(4.16) 


Pmk{x,y) < 


Cl 

-ir/ j -\ 

Vm) 


Csm ) 


for all x^y G M and for all m S N* satisfying m > np. By (4.15),(4.16) and (2.4), 
there exists 0^,04 > 0 and m > 0 such that 


(4.17) 


Pnix,y) < 


Cs 

V (x, yn) 


sup exp 

zeB{y,A) 


d{x,zf \ 

Ciu J 


for all x,y G M and for all n G N* satisfying n > ni. For every z G B(y,A), we 
have 


(4.18) d(x, yY < {d{x, z) + A)^ < 2{d{x, y)^ + A?). 

By (4.17) and (4.18), we have that p satisfies (GUE)oo- 

It remains to show that p satisfies {GLE)oo- The proof is similar to above. As 
in (4.15), we have the complementary inequality, 

(4.19) pn{x,y)> inf Pk[n/k\{x,z) 

zeB(y,A) 


for all x,y G M and for all n G N* with n > k. Since pk satisfies {GLE)ao, there 
exists ci,C 2 ,C 3 ,n 2 > 0 such that 

(4.20) Pmk(x,y) > 

V{x,y/m) 

for all x,y G M and for all m G N* satisfying m> n 2 and d{x, y) < c^m. By (4.19), 

(4.20) , there exists 04,05 > 0 and ns > 0 such that 



(4.21) 


Pn{x,y) > 


Cl 


inf 


F(x, fyn) zeB(y,A) 



d(x^\ 

C4n J 


for all x,y G M and for all n G N* satisfying n > n 2 and d{x,y) < csn. By 
interchanging y and z in (4.18) along with (4.21) yields (GLE)ao for the kernel 

p. □ 


We describe two examples that does not fall under the framework given by 
Definition 4.8 but nevertheless the methods developed in this work still applies. 

Example 4.17 (Random walk with jumps supported in an annulus). We con¬ 
sider a measured, complete, length space (M, d, p) satisfying diam(M) = -foo and 
{VD)ioc ■ Let P be a y-symmetric Markov operator whose kernel p{x,y) satisfies 
the following estimate: there exists Ci > 0 and h > 0, /ii > 0, /12 > 0 such that 

(4 22) G~^ '^B{x,2h)\B(x,h){y) ^ ^ '^B(x,h 2 )\B(x,hi){y) 

^ V{x,h) ~ ’ ~ V{x,h) 

for all X G M and for y-almost every y G M. 

In this case, it is easy to verify that the density P 2 is weakly (/i/5,2/i2)- 
compatible with {M,d,p). Note that for all x G M, there exists z G M such 
that d{x,z) = 3 / 1 / 2 . Note that by Lemma 2.10 and (4.22), there exists C 2 > 0 such 
that for all x,y G M with d{x, y) < /i/5 
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and for all x,y G M with d{x, y) < 2/i2 we have 

P2{x,y) < 

Therefore p 2 is weakly {h/5, 2 / 12 ) compatible with (M, d, y). 

For example, it is clear that the application to Liouville property will not be 
affected if we replace the operator P hy P^. If the underlying space satisfies volume 
doubling and Poincare inequality we can use our main results to obtain Gaussian 
estimates {GE)ao provided (M, d, y) satisfies {VD)ao and {P)h- To prove the above 
statement, we simply note by Theorem 1.4, Lemma 4.11 and Lemma 4.16 that p 2 
satisfies (GE) and by a similar argument p^ satifies (GE). 


f c 

/ pi{x,w)pi{y,w)y{dw)< I 

lB{x, 2 h 2 ) V{x,2h2) 


Example 4.18. We describe another example similar to Example 4.17. Con¬ 
sider R" equipped with Euclidean distance d and Lebesgue measure y. Let e denote 
an arbitrary unit vector in R". Consider the /r-symmetric random walk with the 
kernel 


p{x,y) = 


^B(x+2e,l)UB(x — 2ey) {y} 


2V(x,l} 

Although p is not compatible with (R", d, y), similar to Example 4.17 one can check 
that (EP,d,y) satisfies that p 2 and ps are (1/3,9)-compatible with {MP,d,y) and 
that the kernel pk satisfies {GE)ao- 


4.3. Comparison of Dirichlet forms 

Let (M, d, y) be a metric measure space with a /r-symmetric Markov operator 
P and corresponding kernel p. Recall that we defined the Dirichlet form £ (/, g) = 
(/, Ag) for f,gG L‘^(M). We define another Dirichlet form which is the Dirichlet 
form corresponding to the Markov operator P^, that is 

= U-^")5) = II/Il2-Il^/Il^ 

for all f,g G L^{M). 

Remark 4.19. Functional inequalities involving the Dirichlet form (for instance 
Nash, Sobolev, log Sobolev, Poincare inequalities) can be transferred to an inequal¬ 
ity concerning the Markov semigroup, which in turn sheds light on asymptotic 
behavior of Markov chains. For a continuous time Markov semigroup {Pt)t>o a 

crucial identity to carry out this is = —2£{Ptf,Ptf) (for instance [5, Theo¬ 

rems 4.2.5 and 6.3.1]) By the above definition, we have a similar identity for discrete 
time Markov semigroup: 

dk ||pV||J := ||^"+V||2 - II^VIIs = 

for all / G L^(M). This is the main reason why we sometimes prefer instead of 

f. 

The above remark motivates us to compare the Dirichlet forms £ and . 

Lemma 4.20. Consider a y-symmetric Markov chain on (M,d,y) with Markov 
operator P and Dirichlet forms £ and defined as above. We have the following: 

(a) £4f, /) < 2£(/, /) for all f G L^{M). 

(b) Assume further that P has a strongly (h, h')-compatible kernel p with re¬ 
spect to (M, d, y). Then there exists a constant C > 0 such that £(f, f) < 
G£,ifJ) for allfGL\M). 
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Proof. 

(a) Note that 


{Pf, f)<l {{Pf, Pf) + (/, /)) = 1 {{P^f, f) + (/, /)) 

Hence 

£if,f) = 

(/, /)m - {Pf, f)M > (/, f)-\ {{P^f, f) + {f, /)) = \£.{f, f) 

(b) The conclusion follows from Property (d) of Definition 4.8 by observing 
that 

(4.23) 

£{f,f) = l [ [ if{x) - f{y))^p{x,y)dxdy 

^ JM JM 

(4.24) 

£*(.f,f) = lf f if{x) - fiy)fp 2 {x,y)dxdy 
^ JM JM 


□ 


Remark 4.21. The inequality £{f, /) < /) is not true in general. Con¬ 

sider nearest neighbor (simple) random walk on a finite bipartite graph. Let / be 
a function on the graph that assigns -1-1 to one partition and -1 to other. It is easy 
to check that Pf = —/ and therefore 2 ||/||2 = £{f, /) < C£i,{f, /) = 0 fails. 

4.4. Markov chains killed on exiting a ball 

To obtain lower bounds on the heat kernel, we consider the corresponding 
Markov process killed on exiting a ball B (See Chapter 8). Moreover functional 
inequalities like Nash and Sobolev inequalities that we will encounter are local to 
balls. Motivated by these considerations, we introduce Markov chains killed on 
exiting a ball and their corresponding Markov operator and kernel. Let (Xn,)„gN 
be a Markov chain on (M, d, /i) driven by a /i-symmetric Markov operator P with 
kernel Pi with respect to p. The corresponding Markov chain {X^ )n£N that is killed 
on exiting a ball B has state space B U {ds} where Ob is the absorbing cemetery 
state. The Markov chain (X®)„gN killed on exiting B is defined as 



where C is the lifetime of the process defined by 

C = min{fc : Xk ^ B} . 

For the killed Markov chain, we consider functions / : R U dg —>■ R with the 
‘Dirichlet’ boundary condition /(dg) = 0. Therefore, we can define corresponding 
quantities like Markov kernel and Markov operator just by restriction to B. Define 
the restricted kernel pB :RxR—asa restriction of pi on B x B. We endow 
B with the measure pB which is the restriction of p to all Borel subsets of B. We 
denote by L^{B) = L‘^{B,pb)- We define the Markov operator Pb with kernel pb 
with respect to ps as 

(4.25) PBf[x):= f f{y)pi{x,y) p{dy) = f pB{x,y)f{y)pB{dy). 

JB JB 

Define the corresponding Dirichlet forms 

(4.26) £^{fJ):={fAl-PB)f)LHB), £^ifJ)--={fAl-PB)f)L^B) 
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for all / G L‘^{B). Similar to (4.4), we define the kernel p^{x,y) iteratively as 

(4.27) Pk+i{x,y)-=[PBPk{x,-)]{y)= f Pkix,z)pf{y,z) p{dz) 

JB 

for all fc G N* and for all x,y G B. It is easy to check that the proof of Lemma 
4.2 (b),(c) applies to the kernel pb- As before, the function {x,y) i-A p^{x,y) is 
well-defined for all k>2. Further psix, ■) G L^{B) for all x G M. It is easy to see 
that 

(4.28) Pk{x,y) <pk{x,y) 
for all x,y G M and for all k> 2. 

The operator Pb is positivity preserving, that is / > 0 implies PbJ > 0. 
However unlike P, the operator Pb is not necessarily conservative, that is PbI ^ 1 
in general. Analogous to (4.5), we have that Pb is a contraction on all U'{B) for all 
1 < P < - 1 - 00 . We also define the corresponding ‘Dirichlet Laplacian’ Ap^ := I—Pb- 
We will compare Dirichlet forms on balls with Dirichlet forms on M below. 

Let f G L‘^{B) and let f G L^{M) denote an extension of f 

- f / in B 

^0 in B^. 

(a) = 

(b) £^if,f)>£.{fj). 

Proof. For (a), observe that 

£^{f,f) = (/,/)l2(B) - {PbI, f)L-i{B) 

= {f,f)L'^{M) - {Pf,f)L^(M) = £{1, /)• 

For (b), we have 

£^{f,f) = {f,f)L'^(B) - {PBf,PBf)L^{B) 

= {f,f)L^(M) - (Ifi-P/, 1 s^’/)l2(m) 

> {fJ)LHM) - {Pf,Pf)L^(M) = £*{fj)- 

□ 

We warn the reader of the following abuse of notation. We may consider a 
function / G Lf{B) as a function in Lf{M) using the extension given by (4.29). 
Alternatively we may consider a function / G Lf{M) as a function in Lf{B) by the 
restriction /|p. 


Lemma 4.22. 
defined by 

(4.29) 

Then 


CHAPTER 5 


Sobolev-type inequalities 


J. Moser proved parabolic Harnack inequalities for second-order uniformly ellip¬ 
tic divergence form operators in [62] . This approach was successfully adapted by 
numerous authors. The previous versions of Theorem 1.4 as given in [69, 27, 76] 
used Moser’s iterative method as a crucial ingredient. Along with Poincare in¬ 
equality and volume doubling, Moser’s iteration relies on repeated applications of 
a Sobolev inequality. 

We recall the difficulty arising due to Sobolev inequalities mentioned in the 
introduction. The Sobolev inequalities in the previous works [69, 25, 27, 76] are 
of the form 

(5.1) ll/llLrtj-2, < (^</. /) +1-” ll/llf) 

for all ‘nice’ functions / supported in B{x, r). However (5.1) along with (4.6) implies 
that L?{B{x,r)) C L‘^^/^^~'^\B{x,r)) for all balls B{x,r) which can happen only if 
the space is discrete. Hence for discrete time Markov chains on continuous spaces 
the Sobolev inequality (5.1) fails to hold. In this chapter, we prove a weaker form 
of the above Sobolev inequality (see (5.2)) and study its properties. In the next 
two sections, we will use the Sobolev inequality (5.2) to run the Moser’s iterative 
method and obtain elliptic Harnack inequality and Gaussian upper bounds. 

We adapt the approach of [69] to obtain a Sobolev inequality using {VD)ao 
and (P)oo. The main result of this chapter is the following Sobolev inequality. 

Theorem 5.1. Let be a quasi-b-geodesic metric measure space sat¬ 

isfying {VD)\oc, {VD)oo and Poincare inequality at scale h {P)h- Suppose that a 
Markov operator P has a kernel p that is {h^h')-compatible with respect to /i. Let 
Pb and denote the corresponding Markov operator and Dirichlet form restricted 
to a ball B C M. Then there exists S > 2 and Cs > 0 such that for all r > 0, for 
all x £ M, and for all f £ Lf{B), we have 

(5.2) l|Pfl/llM/„-2, < /) + ll/lll) 

where B = B[x,r). 

Remark 5.2. Since Pb is a contraction, note that (5.1) implies (5.2). Since we 
rely on the weaker Sobolev inequality (5.2), our methods give an unified approach 
to Gaussian bounds for graphs and continuous spaces. However we will encounter 
new difficulties due to (5.2). 

Let s > 0 and / e Tioc(^, t)- We define fs as 
(5-3) fsix) ■■= fB(x,8) = . [ f{x)fi{dx). 

^ Sj Jb{x,s) 
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5.1. Pseudo-Poincare and Nash inequalities 

As in [69, Lemma 2.4], we need a pseudo-Poincare inequality. 

Lemma 5.3 (Pseudo-Poincare inequality). Under the hypotheses of Theorem 
5.1, there exists Cq > 0 and Sq > 0 such that 

(5.4) \\f-fs\\l<Cos^£{fJ) 

for all f € L'^{M) and for all s > sq. 


Proof. Let {X,d,m) be a 2s-net of {M,d,fi) as given in Definition 2.21. By 
Proposition 2.22(a), the collection of balls J = {B{x, 2s) \ x & X} cover M. There¬ 
fore 


\\f-fs\\l<Yl j fs{x)?T{.dx) 

(5.5) [ \f{x)-f3B\‘^p{dx)+[ \fsix) - fssf 

J2B 


For the first term, we use {P)h, to obtain Ci,C 2 ,si > 0 such that 

(5.6) 

[ \f{x) - fsBl^Kdx) < [ \f{x) - fsBl^Kdx) <Cis'^ [ \Vf\l{x)p,{dx) 
J2B JsB J 3 C 2 B 

for all s > So and for all / £ L^{M). For the second term in (5.5), we use Jensen’s 
inequality to obtain 

[ \fs{x) - fsB^t^idx) < [ / . / \f{y) - fssf t^idy) p{dx) 

J2B J2B ^(X,S} Jb{x,s) 

(5.7) < V(x, s)~^fi(dx)'j ■ ^ \f{y) - /as] V(c^2/)^ 

for all / £ Lf‘{M) and for all 2B £ J. By (2.4), there exists Ca > 0 such that 

('5 8! f 7t(c^a:) _ 1 f p{2B)p{dx) ^ 1 f V{x, As)y,{dx) ^ 

J 2 bV{x,s) y.{2B) J 2 B V{x,s) - p{2B) J 2 B V{x,s) ~ ^ 

for all s > So and for all 2B £ J. By (5.5),(5.6),(5.7) and (5.8), there exists Co > 0 
such that 

(5.9) 11/ - fsWl < Ci(l + C3 )s2 ^ [ \Vf\l{x)tr{dx) < CosH{f,f) 

2B^J 

for all / £ L‘^{M). The last inequality in (5.9) follows from Proposition 2.22(h), 
(4.23) along with (4.10). □ 


The following lemma is a consequence of doubling hypothesis. 

Lemma 5.4. Let {M,d,fi) be a measure space satisfying {VD)\oc and (VD)ao. 
Then for all b > 0, there exists Cb > 0, S > 2 such that 

(5.10) Il/«ll2< 77^ (-)'ll/ll? 

V[x,r) Vs/ 

for all f G L^{M) is supported in B = B{x^ r) and for all b < s < r 
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Proof. By Holder inequality, we have 

(5.11) ll/.|l2<IIMIoollMll- 

Since / is supported in B{x,r) and s < r we have 

1 


11/ 


Slino — 


< 


1 sup , \ ou.jj 

yGB{x,r-\-s) V[x,Tj 


< 


sup 


V{y,3r) 
v{y,s) ■ 


By (2.4), there exists Ci > 0 and S > 2 such that 

(5.12) ||/.„„<^(I)'||/||. 


for all 6 < s < r and for all f G B supported in B{x, r). 
Further there exists C 2 > 0 such that 

1 f 


ll/slli = / \fs{y)\lJ-{dy) < 

J B{x,r-\-s) 


< / l/(^)l / 

J B{x,r-\-s) J B{z,s) 


B{x^r-\-s) Viy,s), 

y{dy)y{dz) 


\f{z)\ y{dz) fi{dy) 


1 


(5.13) 


< C 2 


I B{x^r-\-s) 


l/(^)l 


1 


'b{z,s) Viz,s) 


fi{dy) y{dz) = C 2 


for all 5 < s < r and for all f G B supported in B{x,r). The second line follows 
from Fubini’s theorem and (5.13) above follows from (2.5). The desired conclusion 
(5.10) follows from (5.11),(5.12) and (5.13). □ 


Next, we show a Nash inequality using the pseudo-Poincare inequality and 
doubling hypotheses by adapting the approach of [69, Theorem 2.1]. 

Proposition 5.5. Let {M,d,y) be a quasi-b-geodesic metric measure space 
satisfying {VD)\oc, {VD)ao and Poincare inequality at scale h {P)h- Suppose that 
a Markov operator P has a kernel p that is (/i, h')-compatible with respect to p. Let 
E denote the Dirichlet form corresponding to P. Then there exists S > 2, Cn > 0 
such that 

(5.14) /) + II/II 2 ) WfWt^' 

for all r > 0, for all x G M, and for all f G L‘^{M) with f supported in B(x,r). 


Proof. We start with an observation that (5.14) follows directly for small 
values of r. Let tq > 0 be an arbitrary constant. If r < tq, by (4.10) and (2.2), 
there exists Ci,C 2 > 0 such that for all functions / G L^{M) supported in B{x,r), 
we have 


\\Pf\L < 


yGB{x,r-\-h') V{y,h') ^ y&B(x,ro+h') V{y,h') 


Cl 


< 


sup 


Cl 


(5.15) 


< 


Cl 


V{x,ro) 


li sup 

yeB{x,ro+h') 


Vjy^^ro + h') 

Viy,h') 


< 


C 2 


V{x,r) 


ll ' 


By Holder inequality along with (5.15) and (4.5), we have Ca > 0 such that 

(5.16) IIP/II 2 < ||P/|lL^" WPfWY" < y^^ly/2 ll/ll 


1 
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for all function / G L^{M) supported in B{x,r) with r < tq. By (5.16) and (4.5) 
and by the choice Cjq > it suffices to show (5.14) for the case r > tq. 

Note that 


(5.17) \\Pf\\^<\\Pf-{Pf)sh + UPf)sh. 


We use pseudo-Poincare inequality (Lemma 5.3) to bound the first term and use 
the {h, /i')-compatibility of P along with doubling hypotheses to bound the second 
term. To obtain (5.14), we minimize the bound on right hand side of (5.17) by 
varying s. 

By Lemma 5.4, there exists Cq > 1 and tq > 0 such that 
(5.18) \\Pf-iPfU,<CosV£{Pf,Pf) 

for all / G LF'{M) and for all s > tq. 

By (5.10) and (4.5), there exists Ci> Q and 5 >2 such that 

A / V \ <5/2 

Gis) ||(P/).„,<_^(_) ll/ll, 

for all / G L’^{M) supported in B{x,r) and for all tq < s < r. Combining 
(5.17),(5.18), (5.19), we obtain 


(5.20) IIP/II 2 < Cos (ye(Pf,Pf) + IIP/II 2 ) + ll/lli 

for all / G L‘^{M) supported in B{x,r) and for all s > tq and for all r > xq. In 
order to minimize the right side of (5.20), the choice of s (up to a constant factor) 
is 


(5.21) 


siif) ■■= 


|2 .^5 


l/(<5+2) 


{£{Pf,Pf)+r-^\\Pf\\i)V{x,r)^ 


However, we want to choose s > ro in (5.20). We will do that by showing that 
si{f) is bounded below. For all r > rg, by (4.6) we have 

(5.22) £{Pf, Pf) + r-2 ||P/||^ < (2 + \\Pf\\l < (2 + ||P/|1^ |1/||, 

for all / G L?{M). Since / is supported in B{x,r), there exists > 0 


\\Pf\L < C 5 


y£B{x,r-\-h') Viy,h') ^ V(x,r) 


< 


Cs 


li sup 

y^B{x,r-\-h') 


V(y,2r + h') 
V{y,h') 


(5.23) < 


Cfi 


V{x,r) 


for all f € B supported in B(x,r) with r > tq. The first line above follows from 
(4.10) and the second line follows from (2.4) and r > rg. By (5.22) and (5.23), 
there exists ci > 0 such that 


(5.24) 


siif) = 




l/{S+ 2 ) 


{£{Pf,Pf)+r-^\\Pf\\,)Vix,r) 


> Cl 


for all X G M, for all r > rg and for all / G B{M) supported in B{x,r). By 
plugging in s = (tc/ci)si(/) in (5.20), there exists Cn > such that 

Cnt^ 


(5.25) 


117^/11 


2 +{i/S) 


< 


V{x,r)^P 


(£{Pf,Pf)+r-^\\Pf\\l) 11/11^' 
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for all X € M, for all r > ro and for all / S L'^{M) supported in B{x,r). By (4.5), 
we have 


(5.26) 






< 

2 




V^UJ) 


for all / S L^{M). By (5.24),(5.25) and (4.5), we obtain the desired Nash inequality 
(5.14). □ 


Before we proceed, we restate the above Nash inequality for functions defined 
on balls. 


Corollary 5.6. Let he a quasi-b-geodesic metric measure space sat¬ 

isfying {VD)\oc, {VD)oo and Poincare inequality at scale h {P)h- Suppose that a 
Markov operator P has a kernel p that is {h,h')-compatible with respect to /i. Let 
Pb and denote the corresponding Markov operator and Dirichlet form restricted 
to a ball B C M. Then there exists 5 > 2, Cn > 0 such that 

(5.27) /) + II/II 2 ) WfWi' 

for all r > 0, for all x € M, and for all f € L‘^{M) with f supported in B(x,r). 


Proof. We define / € L‘^{M) as in (4.29). Since Pf = Psf on B, we have 


WPBfh < 


Pf 


Combining this observation along with 


4.22(a) and Proposition (5.5) yields (5.14). 


Lemma 

□ 


Remark 5.7. It is easy to prove Nash inequality (5.27) using Sobolev inequality 
(5.2) just by an application of Holder inequality 

\\PBfh < \\PBf\\%t% < \\PBf\\%t% 

along with the fact that Pb is a contraction on L^{B). However proving (5.2) using 
(5.27) is harder. There is a direct and elementary approach using slicing of functions 
developed in [4]. Their approach was used by Delmotte in the setting of graphs 
[25, Theorem 4.4] to prove a Sobolev inequality. However those slicing techniques 
not so seem to apply directly for proving (5.2), since the (sub-Markov) operator 
Pb does not commute with the slicing maps />—>•(/ — s)+ A t. It is an interesting 
open problem to make this approach work for our Sobolev-type inequalities. 


5.2. Ultracontractivity estimate on balls 


In light of the above remark, we adapt a different approach based on Hardy- 
Littlewood-Sobolev theory for discrete time Markov semigroups as developed in 
[21, Theorems 5 and 6]. Our approach is to obtain an upper bound for ||Rb||j^ 
using (5.27) which in turn is used to prove the Sobolev inequality (5.2). 


Lemma 5.8. Let {M,d,p) be a quasi-b-geodesic metric measure space satisfying 
(yD)ioc, iyD)ca- Suppose that a Markov operator P has a kernel p that is {h, h')- 
compatible with respect to /r. Let Pb and denote the corresponding Markov 
operator and Dirichlet form restricted to a ball B C M. Further assume that the 
operators Pb satisfy the Nash inequality (5.27) with constant S > 2. There exists 
Cu > 0 such that 




B \ \ 1—>-oo — 


< 


C„(l + r2)-5/2 (l + r-2)fc-i 


H(a 


kS/2 


(5.28) 
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for all X € M, for all r > 0 and for all k gN* where B — B{x,r). 

Remark 5.9. If two side Gaussian estimate (GE) holds for pi^ and if we choose 
r X ^/k, then the upper bound (5.28) is sharp up to a constant factor. 

Proof of Lemma 5.8. Let x G M, r > 0 and B = B{x,r). Our first step 
is an upper bound for ||Pb||]^_^ 2 ' ^ ^ be an arbitrary function with 

ll/ll^ = 1. The constants in this proof do not depend on the choice of x G M, 
fcGN*,r>0or/G L^{B). 

Then by Holder inequality, 

WPsfWl < WPBfh WPbIWoo < ll/lli WPsflL = II^b/IL ■ 


By (5.15) and (5.23), there exists Ci > 0 such that 

(5-29) WPBfWl < ||Pb/IL < 

By (5.27), along with Lemma 4.22 and Lemma 4.20(b), there exists Cn > 0 such 
that 

(5.30) 11^35112^^^^'^^ < ( 5 , 5 ) II 5 II 2 ) 

for all r > 0, for all x G M, and for all g G Lf{B) where B = B{x, r). Define 

Vk := (l + r-^)-^'=-'Ml^B/||2 

for all k G N*. Substituting g = P^f in (5.30) and using the fact that ||Pb/||j < 

ll/lli = 1 and ff(P^/,P|/) = \\Phf\\l - ||P^+V|| 2 . we obtain the following 
difference inequality for Vk- 


(5.31) 


i+(2/<5) , 0^(1 + r^) 

^k+l < ^fc+i) 


for all k G N*. Next, we ‘solve’ the difference inequality given by (5.31). Define 


(5.32) C 2 := max (Ci, . 

We claim that 

(5.33) Vk < 

V (x, r) 

for all k G N*. We prove (5.33) by induction. The base case k = 1 follows from 
(5.29) and (5.32). For the inductive step, assume that (5.33) holds for all k = 
1, 2,..., n for some n G N*. We will show that (5.33) holds ior k = n + 1. Assume 
to the contrary that 

V (x, r) 


(5.34) 
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By (5.31), (5.34) and the induction hypothesis, we obtain 
l + (2/5) C'jvC2(l + r^)^ + ^^/^^ / 5/2 

CnC2{1 + r^)^+('^/^) <^ (i+(5/2)) 

l^(a;,r)i+(2/'5) 2 


< 


(5.35) 


. l+(2/5) 


< C, 


(1+^2)5/2 


(n + l )-^/2 




V{x,r) 

The second line above follows from intermediate value theorem, the third line follows 
from n > 1 and the last line follows from (5.32). The desired contradiction follows 
from (5.34) and (5.35). Using (5.31), we obtain the estimate 

(5 36) llofe||2 ^ C2(l + r2)U2 (i + r-2)fc-i 




S|ll^2 - 


< 


V{x,r) fc^/2 

for all a; G M and all r > 0 where B = B{x,r). Since Pb is self-adjoint operator in 
L‘^{B), by duality we have the bound 


KS II 1^00 - 


,L(fc/2)J 


l->.2 


,r(U2)i 


l->.2 


Using the above bound along with (5.36) yields (5.28) for k > 2. The case k = 1 
follows from (5.29). □ 

We are ready to prove the Sobolev inequality (5.2) using the ultracontractivity 
estimate (5.28) above. 

For an operator T, we define the operator (/ — T)^/^ as 

OO 

(/-T)1/2 

k=0 

where at is defined by the Taylor series (1 — x)°‘ = for x £ (—1,1). By 

a classical estimate on coefficient of Taylor series, there exists > 0 such that 

C-^ - . Ca 


(5.37) 

for all k G N>o- 


(k +1)^/2 


< ak < 


(yfc-h 1)1/2 


5.3. Local Sobolev inequality 


We use the ultracontractivity estimate (5.28) to obtain Sobolev inequality (5.2). 
The proof uses Riesz-Thorin and Marcinkiewicz interpolation theorems which we 
briefly review in Appendix A. 


Proposition 5.10. Let {M,d,^) be a quasi-b-geodesic metric measure space 
satisfying {VD)ioc, (UP)oo- Suppose that a Markov operator P has a kernel p that 
is {h,h')-compatible with respect to p. Let Pb and denote the corresponding 
Markov operator and Dirichlet form restricted to a ball B G M. Assume that there 
exists Cu > 0 such that 


Tjk 

K 


I l^CSO — 


a(l + r2)U2 (l + j.-2)fc-l 


U(a 


kS/2 


(5.38) 
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for all X € M, for all r > 0 and for all fc € N* where B = B(x,r). Then we have 
the Sobolev inequality (5.2). 

Proof. As in the proof of Nash inequality (5.14), we start by considering the 
case r < 1. By (5.15), there exists C 2 > 0 such that 

( 5 . 39 ) ^ 

for all balls B = B{x,r) with r < 1. Since Pb is a contraction on all LP{B), we 
have 


(5.40) IIPbII 2(6-1)/(S-2)^2(5-l)/(5-2) — 

Applying Riesz-Thorin interpolation between (5.39) and (5.40) yields 

f C \ 

\\Pb\\2^25/(5-2) < [v{^) 

for all balls B = B{x,r) with r < 1. By choosing Cs > , we have (5.2) for all 

balls B{x,r) with r < 1. 

Next we consider the case r > 1. Since 


£^{fj) + r- 


{{l + r-^)I-Psy/^f 


it suffices to show that there exists C2 > 0 such that 

v-1/2 


(5.41) 


PB{l-il + r-^)-^PBy 


^ 2 ) 1/2 

2^25/(5-2) V{x,rYl^ 


for all balls B = B{x,r) with r > 1. To see this, note that Cs = max{Cy^,20^) 
satisfies (5.2). Define 


(5.42) £;(iJ):=Ii-^, Tb :=Pb (/-(!+- 

Let pG [1,(5) and q G [(5/(5— l),oo) satisfy 

(5.43) p-^=q-^+S-\ 


For all p G [1, S) and q G [5/(5— 1), 00) satisfying (5.43), we show that the operator 
Tb is of weak-type {p, q). An application of Marcinkiewicz interpolation then yields 
(5.2). Recall that Tb = P^. For N G N*, we define 

operators 


N 

Rb,n ■= ^ ak-i{l + P%, Sb,n ■= Tb — Rb,n- 

k=l 


By (5.38) and Riesz-Thorin interpolation, we obtain 

(5.«) 
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for all balls B, for all k G N* and for all 1 < p < oo. For each p G [1, i5), there exists 
Ca > 0 such that 


II'S'b.jvII 


oo 

p—yoo — ^ ^ 


< 




+ ||P| 




I p—^oo 


< Cl^PE{B)^^^‘^P'>Ca 


OO 

E 

k=N+l 


j^-l/2^-5/(2p) 


(5.45) < C'3£;(B)'5/(2p)^-5/(29) 

for all balls B, where q is given by (5.43). In (5.45) C 3 depends only on p, q, 6 but 
not on i? = B{x, r). In the second line above we use (5.44) and (5.37) and we used 
(5.43) and p G [I, (5) in the last line. By the same argument as above and increasing 
C'a = C 3 {p) if necessary, we may assume that 

(5.46) \\Tb\\p^^ < CsEiBy/^^P^ 
for all balls B. 

Let g G LP{B) satisfy ||(/||p = 1. For A > 0, let Nq = No{X, B) denote the 

smallest positive integer such that CsE^By/^'^P'^< A/2. By union bound, 
for each p G [1, S) and q given by (5.43), there exists C 4 , C 5 > 0 such that 

fj,B{x G B : \TBg{x)\ > X} < pB {x G B : \RB,Na9{x)\ > A/2} 

+ Pb{x G B : |S'B,Aro5'(a;)| > A/2} 

< Pb{xG B : \Rb,No 9 {x)\ > A/2} 

<{2/X)p\\Rb,No9\Z 


<CP{2/X)P\}_^k 

\k—l 

< C3E{By/‘^x-^ 


-1/2 


< C4{2CufX-PNP'^ 


(5.47) 

for all balls B — B{x,r). In the second step above we used the definition of Nq. The 
third step follows from Chebyshev inequality, the fourth step follows from (5.37) 


and 


I I 

.S 11 p—¥p 


< 1. The last step (5.47) follows from (5.37), (5.43), (5.46) and the 
definition of Nq. By Marcinkiewicz interpolation theorem and the estimates given 
by (5.47), there exists Ce > 0 such that 


rs 112^25/(5-2) < (^6 

for all balls B = B{x,r). This is precisely (5.41) which we intended to prove. 


□ 


We record two important consequences of Proposition 5.10 first of which is the 
proof of Theorem 5.1 

Proof of Theorem 5.1. Theorem 5.1 follows from Corollary 5.6, Lemma 5.8 
and Proposition 5.10. □ 


The next corollary shows that Sobolev inequality is necessarily true under dou¬ 
bling hypothesis and Gaussian upper bounds {GUE). 

Corollary 5.11. Let {M,d,p) he a quasi-b-geodesie metrie measure space 
satisfying {VD)ioc, {VD)ao- Suppose that a Markov operator P has a kernel p that 
is (h, h') compatible with respect to p. Further assume that iterated kernel pk that 
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satisfies {GUE). Let Pb and denote the corresponding Markov operator and 
Dirichlet form restricted to a ball B C M. Then the Sobolev inequality (5.2) holds. 


Proof. By Proposition 5.10 it suffices to show the ultracontractivity estimate 
^" .By [GUE), there exists Ci > 0 such that 


(5.38) on ||Pb||^ 


(5.48) 


I II 


< sup Pk(y,z)< sup —-^ 

y£B,z£B y^B{x,r) Vyy.,\k) 


for all balls B = B{x, r) and for all fc G N*. By (2.4), there exists 5 > 2 and C2 > 0 
such that 


(5.49) 

11 V{x,2{r\/Vk)) 1 (2{r\/'/k)\ 

sup - 1 =^ < —-^ sup - -= -< —7- ^Gi - -pz - 

yCiB{x,r) V {Xj y/k) P(x, t) y^B{x,r) V {y ^ \lf) VyXjrj y y/k J 


for all balls B{x,r) and for all fc G N*. The desired estimate (5.38) follows from 
(5.48) and (5.49). □ 


5.4. Sobolev inequality implies large scale doubling property 

Next, we show that Sobolev inequality implies {VD)oo under natural hypothe¬ 
ses. More precisely 

Proposition 5.12. Let {M,d,y) be a metric measure space satisfying {VD)ioc. 
Let P be {h,h') compatible Markov operator in a metric measure space {M,d,fj,) 
satisfying Sobolev inequality (5.2). Then {M,d,p) satisfies the large scale doubling 
property {VD)oo. 

We need the following volume comparison lemma. 

Lemma 5.13. Let {M,d,y) be a quasi-b-geodesic metric measure space satisfy¬ 
ing {VD)ioc and let h' > b > 0. Then there exists Co > 0 such that 

(5.50) V{x,rh') < CoV{x,r) 
for all X G M and for all r > ih'. 

Proof. Let T be a maximal /I'-separated subset of B{x,r) where x G M and 
r > 3h'. The collection of balls {B{y, h'/2) : y gY} are disjoint and hence 

(5.51) V{x,r)> E yiy^h'/2). 

y^Yr\B{x,r—h') 

However since B{x, r) C Uygyi?(y, h') and r > 3/i', we have 

(5.52) 0 7 ^ B{x, r - 2h’) C Gly^Yr\B{x,r-h')B{y, h'), 

By quasi-6-geodesicity and b < h', there exists Ci > 0 such that for all 2: G 
B(x,r h'), there exists a 6-chain xo,xi,..., Xm 6-chain from x to z such that 

(5.53) Xi G B{x, r — 26,') and d{xi,z) < Cih'. 

Combining (5.52) and (5.53), we obtain 

(5.54) B{x, r-\-h')C UygynB(x.r-/«')S(?/, (Ci -f 1)6'). 








5.4. SOBOLEV INEQUALITY IMPLIES LARGE SCALE DOUBLING PROPERTY 


61 


Combining (5.54), Lemma 2.10 and (5.51), we obtain 
V{x,r + h')< Y. V{y,{Ci + l)h') 

y^Yr\B{x,r—h') 

< Ch'/2 ,(Ci+l)/t' E V{y, h! 12) < ,(Ci + l)h' Vix,r). 

y£YnB{x^r—h') 


□ 


Proof of Proposition 5.12. . We adapt the argument of [19, Proposition 
2.1]. However unlike in [19, Proposition 2.1], we do not consider volumes of arbi¬ 
trarily small balls. 

Let X G M and r > 3h' be arbitrary. For s > 0, define the ‘tent function’ 


fs{y) = max(s - d{x,y),0). 


By (h,h') compatibility of P, we have PB(x,r)f 3 h' > Therefore by ap¬ 

plying (5.2), we have 




Csr^ 

V(x,r)‘^/^ 


{{h')^V{x,ih') 


r-^{3hYV{x,3h')) 


for all r > 3h' and for all x G M. Combined with Lemma 2.10, there exists Ci > 0 
such that 


(5.55) 


V{x,r) 

V{x,h') 


< cY 


for all r > 3h' and for all x € M. 

Let 3h' < s < r. Then by {h,h') compatibility of P, we have PB(x,r)fs > 
(s/6)lB(a; s/2)- Hence by Sobolev inequality (5.2), (4.10) and Lemma 4.22(a), we 
obtain 

(s/ 6 )V(x,s/ 2 )('*- 2 )/'^ < {ih')‘^V{x,s + h)+r-'^s^V{x,s)) 


Combined with Lemma 5.13, there exists C 2 > 0 such that 
(5.56) V{x,s) > V(x,s/2)^^-^'>/^ 


for all a; € M and for all 3h' < s < r. We replace s by s/2 in (5.56) and iterate to 
obtain 


(5.57) 

V{x,s) > 4-^)=oJ('5-2b/P 


/ s^V{x,r)\ 

V C2r^ J 


(2/5)Ei=J(-5-2)VP 

V(x,s/ 2 Y~^^‘''^‘ 


for all 3h' < s/2* ^ < s < r. In particular if we choose i = ]"log2(s/3/i')], we have 

{3h')/2 < s/2* < 3h'. Hence by (5.57) and (5.55), we have 

(5.58) 


V{x,s) > 4 r^T=oj(^-‘^y/^' 


( s^V{x,r) 

V CY 


(2/S) Ei=J(-5-2)VP 


f Vix,r) 

V CY 


(s- 2 y/s' 
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for all x S M and for all 3h' < s < r, where i = |"log2(s/3ft.')]. By (5.58), there 
exists Ca > 0 such that 


(5.59) 


V{x,s) 


for all a; S M and for all 3/i' < s < r, where i = |"log2(s/3/i')]. Since the map 
s i-A exp ^(5((i5 — 2)/(5)I^'°®2(®/3^')1 Ins^ is bounded in [3h', oo), by (5.59) there exists 


C4 > 0 such that 


V{x,r) 

V{x,s) 


< 




for all a; G M and for all 3h' < s <r. The above equation clearly implies {VD)c 


□ 




CHAPTER 6 


Elliptic Harnack inequality 


In this chapter, we prove elliptic Harnack inequality for non-negative harmonic 
functions. As before, we consider a metric measure space (M, d, /i) and a Markov 
operator P that is {h, /i')-compatible with (M, d, /i). Recall that the operator A := 
I — P is the Laplacian corresponding to P. 

6.1. Harmonic functions 

Definition 6.1. Let P be a Markov operator on (M, d,fj,). A function f : U ^ 
R is P-harmonic in B{x,r) if 

A/( 2 /) = f{y) - Pfiy) = 0 

for all y £ B{x, r). 

Similarly, we say / : M —>■ P is P-subharmonic (resp. P-superharmonic) in 
B{x,r) if 

A/(y) < 0 (resp. > 0) 

for all y £ B{x, r). 

We say a function / : M —>■ R is P-harmonic (resp. subharmonic, superhar¬ 
monic) if A/ = 0 (resp. A/ < 0, A/ > 0). 

Remark 6.2. 

(a) Consider a Markov operator P that is (/i, ft,')-compatible with (A/, d,/i). By 
(4.10), Pf{y) depends only on / in B{y,h'). Therefore the property that 
/ : M —>■ R is P-harmonic in B{x,r) depends only on the values of / in 
B{x, r + h'). Hence in this case it suffices to have B{x, r -|- d') C Domain(/). 

(b) We use the term harmonic instead of P-harmonic if the Markov operator P is 
clear from the context. Same holds for superharmonic or subharmonic func¬ 
tions. 

The main result of the chapter is the following elliptic Harnack inequality. 

Theorem 6.3 (Elliptic Harnack inequality). Let (M,d^fj,) be a quasi-b-geodesic 
metric measure space satisfying {VD)ioc, (HP)oo and Poincare inequality at scale 
h {P)h- Suppose that a Markov operator P has a kernel p that is (h, h')-compatible 
with respect to y for some h > b. Then there exists c > 0, ro > 0, Ce > 0 such that 
for all X £ M, for all r > ro and for all non-negative functions u : B{x,r) ^ R>o 
that are P-harmonic in B(x,r) the following Harnack inequality holds: 

(6.1) sup u < Ce inf u. 

xeB{x,cr) x^B(x,cr) 

In (6.1), the sup and inf must be understood as essential sup and essential inf 
with respect to fi. 
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We follow Moser’s iteration method [61] to prove the elliptic Harnack inequality. 
Our approach is an adaptation of Delmotte’s approach except that we have to rely 
on a weaker version of Sobolev inequality and a modified version of John-Nirenberg 
inequality. Moser’s iteration relies on estimating the quantities 

for different balls B' d B and for different values of p G M \ {0}. By Jensen’s 
inequality, p i—>■ 4>{u^p,B') is non-decreasing function. The function (j) satisfies 
limp_>_oo </>(u,p, cS) = infcB u and limp_>._|_oo ci?) = sup^.^ u [49, Lemma 

14.1.4]. To obtain (6.1), Moser’s iterative method relies on establishing bounds 
of the form (f){u,pi,B') < Cp^^p^(j){u,p 2 , B") for different values of pi,P2 G R\ 
{0} satisfying pi < P 2 - Sobolev inequality and Poincare inequality are crucial 
ingredients to run this iterative procedure. For a function / that is defined on a 
ball B, we denote the mean integral by 



We start with a local version of the above elliptic Harnack inequality. 

Lemma 6.4. Let {M,d,p) be a quasi-b-geodesic space satisfying {VD)ioc and 
let P be a weakly {h, h')-compatible Markov operator with (M, d, fi) for some h > b. 
There exists C > 0 and ro > 0 such that 

(6.3) u{y) < Cu{z) 

for all X G M, for all r > vq, for all y, z € B{x, r/2) satisfying d{y, z) < h' and for 
all non-negative functions u : B{x, r h') ^ M. harmonic in B{x, r). 


( 6 . 2 ) 


(j){u,p,B') := 


(6.4) 


Proof. There exists ci > 0 and I G N* such that 

Cl'^B{z,2h')iw) 


Pi{z,w) = pi.{w,z) > 


V{w,h') 

for all y,w € M. The proof of (6.4) is analogous to that of (4.13). Therefore by 
(6.4), {VD)ioc weak (h, h')-compatibility of pi and triangle inequality, there exists 
C2 > 0 such that 


(6.5) 


, ^ ^ CilB{z,2h')iw) CilB{y,h'){w) ^ ^ ^ ^ 

Pi{z,w) > — ^ — > C2Pi(w,y) =C2Pi(y,w) 


V{w, h') 


V(w, h') 


for all y,z,w G M satisfying d{y, z) < h'. 

Choose vq large enough so that r/2-\-lh' < r -\- h' for all r > vq. Note that 
for every harmonic function u : il(x, r + /i') —^ R in B{x, r) with r > vq and for all 
2 G B{x,rl2), we have 


( 6 . 6 ) 


u{z) = P^u{z) 


lB{z,lh') 


Pi{z, w)u(w)y,{dw) 


By (6.6) and (6.5), we obtain 
(6.7) 

u{z) = / pi{z,w)u{w)p{dw) > C2 / Pi{y,w)u{w)y.{dw) = C2u{y) 

J B{z,lh’) JB(y,h') 

for all non-negative harmonic functions u in B{x,r) for all x G M, for all z,y G 
B{x,r/2) with r > xq. The choice C = cf^ satisfies (6.3). □ 
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6.2. John-Nirenberg inequality 


Moser [61], used John-Nirenberg inequality to obtain an estimate of the form 
—q, B') < C'(j){u, q, B') for some q, C > 0. An alternative approach is to use 
an abstract lemma of Bombieri and Guisti was later proposed by Moser [72, Section 
2.2.3], 

John-Nirenberg inequality is an estimate on distribution of functions of bounded 
mean oscillation which were introduced in [48]. A locally integrable function 
/ : B —>■ R. define is of bounded mean oscillation (BMO) if 

ll/llBMO(B) — ^sup^ 1/ - /s'l < oo. 


John-Nirenberg inequality states that functions of bounded mean oscillation have 
an exponentially decaying distribution function. 

In [1, Theorem 5.2] a version of John-Nirenberg inequality is shown for spaces 
satisfying the doubling hypothesis (VD). However for us, the metric measure space 
(M, d, fi) only satisfies {VD)ioc and {VD)ao- Since we do not have doubling hypoth¬ 
esis on arbitrarily small balls, we introduce a modified version of BMO seminorm 
(BMO seminorm at scale h) defined as 


( 6 . 8 ) 


\BMO(B(xo,ro)),h 


B{y,r)GB{xo,ro),r>h ^ xU•: 


'B(y,r) 


\f fB{y,r)\ dfl. 


Our proof is motivated by the presentation in [1]. We start by recalling the 
Vitali covering lemma. 


Lemma 6.5 (Vitali covering lemma). Let if be a family of balls with positive 
and uniformly bounded radii in a metric space (M, d). Then there exists a disjoint 
subfamily Q G B sueh that 

[JBC\J5B. 

B€B B^G 

In fact, every ball B G meets a ball B' G Q with radius at least half that of B and 
therefore satisfies B C 55'. 


The proof of Vitali covering lemma follows from an application of Zorn’s lemma. 
We refer the reader to [46, Theorem 1.2] for a proof of Lemma 6.5. A crucial ingre¬ 
dient in the proof of John-Nirenberg inequality is the following version of Calderon- 
Zygmund decomposition lemma. Since we replaced (VD) by weaker assumptions 
{VD)ioc and {VD)oo, we need some other method to control the behavior of a BMO 
function at small length scales. This is why we assume a local Harnack inequality 
(by Lemma 6.4 the local Harnack inequality holds for harmonic functions). 


Lemma 6.6 (Calderon-Zygmund decomposition lemma). Suppose {M,d,p.) be 
a metric measure space satisfying (ViJ)ioc and (yD)oo- Let f be a non-negative 
locally integrable function on B{xq, llro) for some r^ > ri > h > 0. Further we 
assume that there exists Ci > 1 such that f satisfies the local Harnack inequality 


(6.9) f{y) < Ci/(z) 

for all y,z G B{xo,ro h) satisfying d{y,z) < h. Further, assume that 

1 r 


( 6 . 10 ) 


Aq > 


V{xo 


fdfl 
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Then there exists countable (possibly finite) family of disjoint balls T = {Bi} of 
disjoint balls centered in B{xo,r) and satisfying 5Bi C B{xo, ll?"o) for all Bi € To 
so that 

(i) fix) < CiAo for all x S B(xo,ro) \ 

(a) Ao < /g. f dfi < C 2 X 0 for all Bi G Tq. 

(Hi) Cf^Xo < /gg f dfi < Xq for all Bi G Tq. 

The family of balls To satisfying the above conditions are called Calderon-Zygmund 
balls at level Ao- Moreover if Xo < Ai < ... < Xn, then the family Calderon- 
Zygmund halls Tn corresponding to different levels A„ may be chosen in such a way 
that every i?i(A„+i) G Tn+i is contained in some 5Bj(A„) where Bj(A„) G Tn- 

Proof. We denote Bixo,ro) as Bq. Define a maximal function 

MboUx) = MB(^oxo)fi^) = sup f fdn 

B{y,r)cB{xo,ro-\-h): J B{y,r) 

y^B{xQ,rQ)^r'>h.,B{y,r)'^x 


for all X G B{xo,r). We define 

Ex = {x G B{xo,ro) : MB(xo,ro)fix) > X} . 


First consider X^. By definition for every x G there exists a ball B^ = 

BivxTx) satisfying G Bo, x G B^, B^ C B{xo,ro + h), r^ > h and 

(6.11) Ao < Ai < ... < Aat < / fdn- 

•IBx 

Let k = kx G N* he such that 5’^~^rx < 2ro < Then Bo Q h^B^ C IISq- 

Combining this with (6.10), we have 



1 

k-iBo) 



f dp, < Xo < Xn- 


However since f dp > Xn, there exist smallest Ua, > 1 such that 


( 6 . 12 ) 

and 

(6.13) 


/ fdp < Xn 


f fdp > Xn 


for all j = 0,1,..., rix — 1. The balls forms a covering of E\^. Therefore 

by Vitali covering lemma (Lemma 6.5), we pick a family Tn of pairwise disjoint 
balls Bi = satisfying Ex^^ C check the construction 

above satisfies the desired properties. By (6.12), (6.13) and (2.4), there exists 
Ch > 0, (5 > 0 such that 

Xn <-f fdp<ChS)^-f fdp<Chh^XN- 

Jb^x-^Bo, Jb^xBo, 

Choosing C 2 = 5^Ch, we obtain properties (ii) and (iii) of Calderon-Zygmund 
decomposition. 
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It remains to verify (i). If a; G i3o \ {ijB ^ \ E\^, we have 

Msofix) < Xn- Therefore by (6.9), we have 

Xn > MboUx) > / fdfi> C^^f{x). 

«/ B{x,h) 

This give property (i). We have now constructed the desired decomposition at level 
Xn- Next we consider Aw-i- 

Since E\^ C for every x G E\j^, we may start with exactly the same 

ball satisfying (6.11) as before. For every x G i^Aw-i \ we choose a ball 
Bx = B{yx,rx) satisfying 3 x, yx € Bq, Tx > h, B^ C B{xo,ro + h) and 

(6.14) Aq < ... < Aw-i < ~f f d/i. 

As before for each ball Bx, we choose the smallest integer uix > 1 such that 

(6.15) / fdfj.<XN-i 

J Bx 

and 

(6.16) / fdfi>XN-i 

for j = 0,1,..., nix — 1. Note that if a; G Ex,^, then Hx < nix- As before, we apply 
Vitali’s covering lemma to the balls \^5'^^~^Bx : x G to obtain a pairwise 

disjoint family of balls En-i satisfying (i)-(iii) with Aq replaced by Ajv-i. 

Let ili(AAr) G J^AT- Then ili(AAr) = for some a; G Aa„. Since rza, < ma,, 

we have Bi{XN) C 5^^~^Bx- By Vitali’s covering lemma, there exists Bj{XN-i) G 
En -1 such that Bi{XN) C 5'^^~^Bx C 5Bj{XN-i)- We continue this procedure to 
get decomposition at all levels Xq <- - - < Xn- □ 

Remark 6.7. In the above proof, we use (6.9) to obtain property (i) of the 
Calderon-Zygmund decomposition. Typically property (i) is proved using Lebesgue 
differentiation theorem. However the proof of Lebesgue differentiation theorem 
requires (VD). (See [1] and [46, Theorem 1.8]) 

Next, we prove the John-Nirenberg inequality for spaces satisfying (ViA)ioc and 
(VD)^. 

Proposition 6.8 (John-Nirenberg inequality). Let {M,d,y,) be a metric mea¬ 
sure space satisfying {VD)\oc and {VD)oo- Let f be a non-negative locally integrable 
function on B(xq, Uto) for some rQ > h > 0- Further we assume that there exists 
Cl > 1 such that f satisfies the local Harnack inequality 

(6.17) f{y) < CJiz) 

for all y,z € B{xo,rQ -\- h) satisfying d{y,z) < h. Then there exists C 2 > 0 such 
that 

(6.18) y-{{x&Bo : j/ -/bJ} > A) < C 2 m(.Bo) exp(-A/(C 2 ||/|| 

BMO(llSo).?*)) 

for all X > 0- The constant C 2 depends only on Ci,h and constants associated with 
doubling hypotheses (FiA)ioc o,nd [VD)ao- 
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Proof. Let Bq = B{xo,ro). Without loss of generality, we assume fso = 
0 and |l/|lsMO(iiBo) h — ^ ■ It suffices to consider / such that /bq = 0 and 
ll/ll BMOiiiBo),h = 1 as we may replace the function / by (/-/bq)/ ||/||bmo(iiBo)./i- 
By (2.4), there exists C 3 > 0 such that 

N [ \f - fSoldfJ. < Cs-f 1/- /llBol + C'sI/Bo - /llBol 
JllBo illBo 

^ C'a \\f\\BMO{llBo),h' + ^ 3 / 1/ - /llBol d^i 

^ Bq 

^ 2(71 ||/|lBMO(llBo),/t = 2^3- 

If Bj is the Calderon-Zygmund balls at level where A > 2(7i(7|, then by 

Lemma 6.6 

(i) |/(a;)| < A for all x £ Bo\ Uj5i?j. 

(ii) (7f ^A < I/I dn < (73 (7/U for all j. 

(iii) Cr'Cg-U < I/I d^l < C/'A for all /. 

By (i) and (2.4), we have 

(6.19) hHxGBq : \f{x)\>X})<Y^fj,{5Bj)<C3Y^fi(Bj) 

3 3 

In order to estimate d{Bj), we consider Calderon-Zygmund decomposi¬ 
tion at levels (7/^A > ( 7/^7 > 2(7| as in Lemma 6 . 6 . We partition the family 
{s,(cr'A)} ^ as follows: First we collect those which are contained in 5Bi{Ci ^ 7 ). 
From the remaining balls we collect those balls which are contained in 5 B 2 (( 7 /^ 7 ) 
and so on. More precisely, we partition the Calderon-Zygmund balls at level (7/^ A 
as 


{i3,(cr^A)} = U{s,(cr^A)}^.^,^, 

k 


where J^s are defined as 

Ji = {j : S,(Cr'A)C5Bi(CrS)} 

J 2 = {j : B,{C^^X) C 5B2(CrS), j i Ji} 

J 3 = {3 ■■ Sj(C'r'A) C 553 (^ 1 -^),/ ^ Ji U J 2 } 

and so on. By (ii), we have 


A^Ml?.(CriA))<Ci^ 


B.-fCr^A) 


\f\df 3 






I/I dn- 


( 6 . 20 ) 
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In addition for each k, we have 


H , I/I ^ 




+ crS- 


5Bfc(CrS) 




j(zj^ 


f-h 




ieJfc 


< 


l5Bk(C-^\) 


f-h 






< M(5i3fe(CriA)) + CfS E M(i3,(Cr'A)) 

j&Jk 


< CsKBkiC^h)) + CrV E KBjiC^^X)). 

j&Jk 

The fourth line above follows from ||/|Ibmo(iiBo) h — ^Vb sum over k and use 
( 6 . 20 ) 


Xj2k^{BAChX)) < C,CsJ2f,{Bk{C^h)) 

3 k j 

for all A > 7 > 2CiC^. This implies 

(A - 7 ) E KBhCf^X)) < C1C3 E f^iBkiCrh)) 

3 k 

for all A > 7 > 2CiCi. 

In particular if A > a := 2CiC^, we have 

(6.21) E/^(^^(^r'(^ + «))) ^ 

j k 

Let X > a and let N = [A/aJ. Then we apply the Calderon-Zygmund decompo¬ 
sition at levels Cf^a < 2Ci^a < ... < Ci^Na. By (6.19) and repeated application 
of (6.21), we obtain 

Ai({xGBo : l/(a:)l > A}) < Ai ({x G Bo : |/(x)| > IVa}) 


j j 

< 2C32-^^l{llBo) < 4C|2-^/“a‘(Bo) 

(6.22) < dCf exp(—(Aln2)/a)Ai(Bo) 

The case X < a follows easily since 

Ai({xGBo : |/(x)| > A}) < ai(Bo) < dCg exp(-(Aln2)/a)Ai(Bo). 

The choice C 2 = max(4C'|,a/ln2) satisfies (6.18). □ 

We have the following corollary. 


Corollary 6.9. Let be a metric measure space satisfying {VD)ioc 

and (VD)ao- Let f be a non-negative locally integrable function on B(xo, llxo) for 
some tq > h' > 0. Further we assume that there exists Ci > 1 such that f satisfies 
the local Harnack inequality 

(6.23) 


f{y) < Cifiz) 
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for all y, z € B{xo,ro + h') satisfying d{y, z) < h. Then there exists co, Co > 0 such 
that 

(6.24) f (iy < 

J Bq J Bq 

where Bq = B{xo,ro). The constants co,Co depends only on Ci,h' and constants 
associated with doubling hypotheses {VD)ioc and {VD)oo- 


Proof. There exists C 2 , C 3 > 0 such that 


I Bo 


exp(co(/(y)-/so)/| 


iBMO(llBo) 


,h') dy 


<m(Bo) + £m( lyeSo : k < „ fso ^ ^ ^ 


„Co(fc + l) 


fe=0 


lBMO(llBo),/t' 


< 


^l{Bo) ( 1 + C 2 £ ^Mk+i)^-k/Co j < CoKBo) 

\ k=0 / 


In the last line above, we fix cq = 1/(2C2) where C 2 is the constant from Propo¬ 
sition 6.8. Replacing / by — / in the above inequality and multiplying those two 
inequalities yields (6.24). □ 


6.3. Discrete Calculus 

Before we dive into computations, we introduce simplifying notations and col¬ 
lect basic rules that mimics calculus rules in a discrete setting. Let / be a function 
on N X M or on M. Depending on context, we may abbreviate f{k, x) to fk{x), fk 
or even /. 

1. ‘Gradient’ 

(6.25) V,,/ := f{y) - f{x) 
and the ‘time derivative’ 

(6.26) dkf{x) ■.= f{k + l,x) - f{k,x). 

2. Differentiation of product 

(6.27) V,,(/g) = iy.yf)g{y) + {^.yg)f{x). 

3. Differentiation of square 

(6.28) = 2{V,yf)f{x) -b (V^yff. 

4. The same formulas for the ‘time derivatives’: 

(6.29) dkifg) = {dkf)gk+i + {dkg)fk 
and 

(6.30) dkif) = 2idkf)fk + {dkff. 

5. Let A = I — P denote the Laplacian corresponding to a /i-symmetric 
Markov operator P with kernel pi. Then 

Af{x) :={I-P)f{x)= [ pi{x,y)S/yxf dy. 

JM 
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6. Integration by parts: li f,g £ then 

(6.31) [ Af{x)g{x)dx = 1- [ f {V xyg)pi{x,y) dy dx. 

JM ^ Jm J m 

7. Consider a /r-symmetric Markov operator with kernel pi. We define |V/| 
corresponding to the Markov operator P as 

(6.32) |Vp/|^(x) := / (ya:yffpiix,y)dy. 

J M 

We caution the reader to be aware of different uses of the symbol V in (3.1), (6.25) 
and (6.32) with slight change in subscript. The subscript could be a positive real 
number, a pair of points or a Markov operator. We hope the different notations of 
V would be clear from the context. 


6.4. Logarithm of a harmonic function 


If u is a positive harmonic function, then we show that log u has bounded BMO 
seminorm. This combined with John-Nirenberg inequality yields —q,ciB) < 
C'(j){u, q, ciB) for some q,C' > 0 and ci G (0,1). 


Lemma 6.10. Let {M,d,p) he a quasi-b-geodesic metric measure space satis¬ 
fying {VD)ioc, iVD)oo and Poincare inequality at scale h {P)h- Suppose that a 
Markov operator P has a kernel p that is {h^h')-compatible with respect to p, for 
some h > b. Let u be a positive P-harmonic function on B = B(x,r). Let q be 
a non-negative function on B satisfying supp(? 7 ) C B{x, (r/2) — h'). There exists 
Co > 0 and rg > 2h' satisfies 

(6.33) 

f [ (ln^(^) q{zfpi{y,z)dydz<Co[ [ pi{y, z) dy dz 

JB/2JB/2\ U\^)J JB/2JB/2 

for all balls B, for all functions u, q satisfying the above requirements. 


Proof. Define ip := q^/u. By product rule (6.27) 

(6.34) Vy^iP = yy,{l/u)q{zf + (1/u(2/))Vj,,(u2). 

Using integration by parts (6.31) along with supp(77) C B{x, {r/2) — h'), we deduce 

(6.35) [ [ pi{y,z){Vy^ip){Vy^u)dydz = Q. 

J B/2 Jb/2 

Combining (6.34), (6.35), we have 


/b/2 Jb/2 


Pi{y,z){\7yzu) ( Vyz- ) q{z)'^dydz 


(6.36) 


< 


Pl{y,z)\VyzU\\Vyzq'^ 


1 


^{y) 


dy dz. 


Jb/2 Jb/2 

By Lemma 6.4, u satisfies the local Harnack inequality on B/2 for large enough 
balls B. Hence there exists ci,Ci >0 and rg > 2h' such that 


(6.37) -(V,,u) ( Vyz -) = 


{u{y) - u{z))'^ 
u{y)u{z) 


> Cl 

In 


u{y) 

u{z) 

u{y) 


iz) 


(6.38) 


\Vyzu\/u{y) < Cl 
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for all positive P-harmonic functions u on B — B{x,r), for all y,z G Bj^ with 
d(y,z) < h' and r > tq. Combining (6.36), (6.37) and (6.38), we obtain 


/ / Piiy,z) r]{zfdydz 

JbiiJbii \ u\z) J 

Cl 


(6.39) 


< 


pi{y,zWyzri\{v{y)+ v{z)) 


In 


*(y) 


u{z) 


dy dz 


Cl J B /2 Jb /2 

Since pi{y, z) = pi{z, y) for p x /i-almost every (j/, z) G M x M, we have 

u{y) 


I B /2 J B /2 


Pi{y,z)\Vy:,'q\'q{y) 


In 


(6.40) 

By (6.39) and (6.40) 


'B /2 Jb /2 


Pi{y.z)\Vyzri\ri{z) 


u{z) 

u{y) 


In ■ 


dy dz 
dy dz 


i{z) 


I B /2 JB /2 


pi{y, 


In 


u{y) 

u{z) 


ri{zY dy dz 


(6.41) <— / [ piiy,z)\Vy^iir]{z) 

Cl Jb /2 Jb /2 

By Holder inequality 

/ V 2 

u{y) 


In 


i(2/) 


u{z) 


dy dz 


I B /2 Jb /2 


P\hj-.z)'^ y^T]\r]{z) 


In ■ 


l{z) 


dy dz 


(6.42) 


< 


Pi{y,z)\Vy^ii'^ dydz ■ [ [ pi(i/,z) (in^^^ ] r]{zfdydz. 

i Jb /2 Jb /2 \ ^\y) J 


Jb /2 Jb /2 Jb /2 Jb /2 

Combining (6.41) and (6.42), we obtain (6.33) with Co = 


□ 


In the next proposition, we show that logarithm of a harmonic function has 
bounded mean oscillation. Then using John-Nirenberg inequality we prove a weak 
form of elliptic Harnack inequality. 

Proposition 6.11. Under the assumptions of Theorem 6.3, there exists q > 0, 
Co G (0,1) and Co,to > 0 such that 

(6.43) (fiu,-q, CqB) < Co(t){u, q, CqB) 

for all P-harmonic functions u on B = B{x, r) with r > xq and for all x G M. 

Proof. Let Ci G (0,1) (its value will be determined later in the proof). Let 
B = B(x, r) and let Bi = B{xi, ri) C ciB with ri > h'. For any positive harmonic 
function u on B, by (P)oo there exists Ci,C 2 ,C 3 > 1 such that 

[ |lnM(?/) - (lnu)Bi|^d 2 /< Cir^ / \V{Inu)\l{y) dy 

JBi JC 2 B 1 

<C3rl f f pi{y,z) dy dz 

J(C 2 + 1 )BxJ(C 2 + 1 )Bi \ u[z)/ 


(6.44) 
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We used {P)h in the first line and (4.10) and r > h' We choose ci = 1/(3(C'2 + 2)), 
so that {C 2 + l)Bi C B/3 for all Bi C ciB. We define ly as 

. ^ (a ■ (n (<^2+2)71 - 

r][y) = max 1, mm I L),- 


n 

Note that for large enough r, we have supply C [C 2 + 2)i?i C {C 2 + 2)ciB C 
B{x, (r/2) — h'). Since ly = 1 on (C 2 + l)i3i, there exists Ci, C 5 > 0 

2 


'(C2 + l)Si -7(02 + 1)51 


< 


Pi{y,z) In 


u{y) 

i{z) 


dy dz 


pi{y,z) In 


7(y) 

i{z) 


r]{z)'^ dy dz 


(6.45) 


< 


(C'2+2)Si (C2+2)Bi 

Ci [ [ Pi{y,z){Vy^'qf dydz<C^r^‘^yL{Bi) 

Jb /2 Jb /2 

In the last line above we used Lemma 6.10, (4.10), definition of ly, triangle inequality 
and (2.4). By Holder inequality 

2 

(6.46) 


[ |lnM(?/) - (Inu)Bil dy) \\ii u{y) - {\nu)Bif dy 

\JBi J J Bi 

Combining (6.44), (6.45) and (6.46) we obtain 


(6.47) 


Inu 


BMO(ciS),/i' 


. < (CaCs)!/^ 


for all positive harmonic functions u on B = B{x, r) and for all r sufficiently large. 
By Lemma 6.4, (6.47) and Corollary 6.9, there exists g > 0, Ce > 0 such that 

q, (ci/ll)H) V(m, -q, (ci/ll)H)"« < C^ 


for all sufficiently large balls B and for all positive P-harmonic functions u on B. 
This immediately yields (6.43). □ 


6.5. Mean value inequality for subharmonic functions 

For the rest of the chapter, we will rely on {VD)oo, {VD)ioc and the Sobolev in¬ 
equality (5.2) to prove Theorem 6.3. We obtain various inequalities on subharmonic 
functions. The following elementary property of subharmonic and superharmonic 
functions is useful. 

Lemma 6.12. Let P be a Markov operator. 

(a) If f is a non-negative function that is P-subharmonic in B(x,r), then /p is 
P-subharmonic in B(x, r) for all p G [1, 00 ). 

(b) If f 'Is a positive function that is P-superharmonic in B(x,r), then /p is P- 
subharmonic in B{x,r) for all p < 0. 

Proof. If y G B{x,r), then by Jensen’s inequality and the fact that / is 
P-subharmonic in B(x,r) 

F{y) < {Pf{y)Y < (Pfniy)- 

This proves (a). We again use Jensen’s inequality, / is P-superharmonic in B(x,r) 
and p < 0 to obtain 

F{y) < {pf{y)f < {prm 

□ 
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Moser’s iteration relies on repeated application of the following Lemma. 

Lemma 6.13. Let be a quasi-b-geodesic metric measure space satisfy¬ 

ing {VD)ioc and {VD)ao- Suppose that a Markov operator P has a kernel p that is 
{h, h')-compatible with respect to p, for some h > b. Further assume that P satisfies 
the Sobolev inequality (5.2). There exists Cq > 0 such that 

(6.48) 2(1 + 2/6), B{x, (1 - cr)r - h') < (/{u, 2, B{x, r + h’)) 

for all X S M, for all r > ih', for all a G (0,1/2) and for all functions u that are 
non-negative and P-subharmonic on B(x,r). 

Proof. Define 

(6.49) '0(j/) := max ^0,min ^1, ^ ^(^>2/) 

Note that = 0 in B{x, r)^ and ■!/; = 1 in B{x, (1 — cr)r). Since Aw < 0 in B{x, r) 
and u > 0 , we have 

0 < - / ip^(y)u(y)Au(y) dy 
J B(x,r) 

_ 1 

“ ~2 


fB{x,r-^h') JB{x,r-\-h') 


Pi{y,z) (Vj,z(V’^m)) {Vyzu)dydz 


Pi(y,^)V’^(j/) (Vyzu) dydz 


(6.50) 


^ JB{x,r+h') JB{x,r-\-h') 

-i/ / pi{y,z)u{z){yy:,'il?){S/y^u)dydz. 

^ JB{x,r-\-h') J B{x,r-\-h') 

The above steps follows from integration by parts (6.31) and product rule (6.27). 
We use the inequality ab < a^/4 + 6^ to obtain 

\u{z) i^yztp^) (VyzM)| = li'tfiy) + 'tf{z))u{z){Wyz'llj){^yzU)\ 

(6.51) < ^{'(f'^iy) + 1 /^( 7 :)) (Vy^w)^ + 2u'^{z) {Vyzf’f ■ 

Since pi{y, z) = pi{z, y) for y x /i-almost every [y, z), we have 

(6.52) f f pi{y,z)'if‘^{y){Vy,zu)^ dydz= [ [ pi{y, z)fj'^{z) {Vy^^u)'^ dy dz 

Bx Bx J Bx Bx 

where Bi := B{x,r -\- h'). Combining (6.50), (6.51) and (6.52) 

(6.53) 

f [ Pi{y,z)if‘^{jj){S/y,,u)^ dydz <A [ [ pi{y, z)u‘^{z) {\7y^tjj)‘^ dy dz. 

J Bx Bx ^Bx Bx 

The inequality (a + 5)^ < 2(a^ + 5^) along with product rule (6.27) implies 
[ [ Pi{y,z){yyz,itpu))‘^ dydz <2 [ f pi(y,z)ii)‘^{y){Vy^u)^ dydz 

J Bx Bx ^ Bx Bx 


(6.54) + 

Combining (6.53) and (6.54), we obtain 

(6.55) 


’ / Pi{y,z)u^{z){Vy:,tp)‘^ dydz. 

JBi JBi 


[ f Pi{y,z) {\7yz;{f^u))‘^ dydz < 10 [ [ pi{y, z)u'^{z) {\7yztp)‘^ dy dz. 

J Bx Bx Bx Bx 
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By (6.49) and (4.10), there exists Ci > 0 such that 
{Vyz'ipf Pi{y, z) < 

for a\\ y G M and for /x-almost every z G M. Combined with (6.55), we have 

(6.56) j j pi{y, z) {\7yz{tpu))'^ dy dz < j u^{z)dz. 

JJB\ JB\ 

We define 

Ml := PB{x,{l-a)r)U, U2 ■= 

Since ^ = 1 in B{x, (1 — (j)r), by (4.10) we have 

(6.57) U 2 {y) = ui{y) = Pu{y) = u{y) - Au{y) > u{y) 

for all y G B{x, (1 — a)r — h'). By (6.57) along with Holder inequality, we have 


,2(l + (2/5)) , 


f B{x^{l — G)r — h') 


w'*' dp < 


2(l+(2/5)) 


/ B{x,{l — (T)r) 


dp 


2/5 


(6.58) 


< 


< 


f B{x,{l — <7)r) 


/ B{x,{l — a)r) 


i\ dpj 

.2/5 

dp j 


' B{x,{l — (T)r) 


' B{x,{l — (T)r) 


,(25)7(5-2) 


(25)7(5-2) 


dp 


dp 


(5-2)75 


(5-2)75 


In (6.58), we used that PB{x,{i-a)r) is a contraction in B and that U 2 > ui in 
B(x^ (1 — <j)r). By Sobolev inequality (5.2), Lemma 4.22(a) and integration by 
parts (6.31) 

(5-2)75 


(25)7(5-2) 


dp 


<Cs 


(r + h'y 


2 V{x,r + h')V^ Jb, Jb, 


Pi{y,z) {Wyz{'fpu)f dydz 


(6.59) 


+ Cs- 


{'tpuY dp 


'V{x,r + h' f-P Jbi 

By using (6.58), (6.59), (6.56), i/’ < 1, r > 3h' and (2.4), there exists C 2 > 0 such 


that 


I „2(l+(275)) < ^^^-2 U ^2 M 

J B{x,{l — a‘)r—h') \J B{x,r-\-h') J 


l + (275) 


This immediately yields (6.48). 


□ 


We modify the proof of the Lemma 6.13 to obtain a reverse Poincare inequality 
for all P-harmonic functions (not necessarily non-negative). The below reverse 
Poincare inequality and its proof is essentially same as (6.56). 

Lemma 6.14 (Reverse Poincare inequality). Let be a quasi-h-geodesic 

metric measure space satisfying (VD)ioc and [VD)oo- Suppose that a Markov op¬ 
erator P has a kernel p that is weakly (h, h')-compatible with respect to p for some 
h > b. For all H > 1, there exists C = C{Ll) such that for all P-harmonic functions 
u, for all X G M and for all r > 3h'/{Q — 1) 

(6.60) / |Vpu|^ d/x < f B dp. 

J B{x^r) JB{x,Qr) 
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In particular, there exists Cr = C(2) such that such that for all P-harmonic func¬ 
tions u, for all X G M and for all r > 3h' 

(6.61) j \\7pu\^ dfi < CRr~^ j dp. 

J B{x,r) J B{x, 2 r) 

Proof. We repeat the steps in the proof of Lemma 6.13. Define 

(6.62) V'(2/) := max (^0,min (l, ' 

Note that i/; = 0 in B{x, flr—h')^ and '0 = 1 in B{x,r-\-h'). Since Au = {I— P)u = 
0, for all r > 3h'/{ri — 1) and for all cc G M we have 

0 = - / il;'^{y)u{y)Au{y) dy = - ij?{y)u{y) Auijj) dy 

Jm j B{x,Qr—h') 


B{x,Q,r) JB{x,Q,r) 


Piiy,z) (Vyzi'ip'^u)) iVy^u)dydz 


Pi[yiz)'if'^{y){Vyzu) dydz 


(6.63) 


> B{x,Q.r) J B{x.,Q.r) 

/ / pi{y,z)u{z) {Wyz'tp'^) C^yzu)dydz. 

^ JB{x,Qr) JB{x,Q.r) 

The above steps follows from integration by parts (6.31) and product rule (6.27). 
We use the inequality a6 < o^/4 + 6^ to obtain 

\uiz) {Vyzu)\ = \{f;{y) + ip{z))u{z){Wyz'if){^yzu)\ 


(6.64) 


< + ^^( 2 )) i^yzuf + 2 u'^{z) {Vyzf’f ■ 


Since Pi{y, z) = pi(z,y) for p x /r-almost every {y, z), we have 

(6.65) f f pi{y,z)-tp‘^{y){\7yzuf dydz = [ f pi{y,z)ilj'^{z){\7yzufdydz 

JB\ JBx J Bx JB\ 

where Bi := B{x,flr). Combining (6.63), (6.64) and (6.65) 

( 6 . 66 ) 

/ / Pi{y,z)f;'^{y){Wyzuf dydz <4 / pi{y, z)u'^{z) {Wyztpf dy dz. 

J Bi J Bx JBx JB\ 

The inequality (a + 6)^ < 2(a^ + 5^) along with product rule (6.27) implies 
[ [ Pi{y,z){yyzitpu)f dydz <2 [ ( pi(y,z)ii)‘^{y){Vyzuf dydz 

JB\ J B\ J B\ J B\ 

(6.67) 


’ / Pi{y, z)u^{z) {Sly ztff dydz. 

JBi J Bi 


Combining (6.66) and (6.67), we obtain 
( 6 . 68 ) 


f [ Pi{y,z) {\7yz{'(fu)f dydz < 10 f ( pi{y, z)u'^{z) {V yzf^f dy dz. 
J B^ J Bx JB\ JB\ 

By (6.62) and (4.10), there exists Ci > 0 such that 

{Vyz'iff Pi{y,z) < {3h'f{n- l)"V"V(2/,2) 
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for all y G M, for /r-almost every z G M and for all r > 3h'/{il — 1). Combined 
with (6.55), we have 

(6.69) j I pi{y, z) {\7yz{'ipu))'^ dy dz < {3h')^{V, — j u'^{z)dz. 

JJJ 

for all P-harmonic functions u, for all r > 3h'/{Q, — 1) and for all x G M. Since 
^ = 1 in B{x,r + h') the desired inequality (6.60) follows from (6.69). □ 

The next lemma is a L^-mean value inequality for positive P-subharmonic 
functions. 


Lemma 6.15. Let {M,d,fj,) be a quasi-b-geodesic metric measure space satisfy¬ 
ing {VD)ioc and {VD)ao- Suppose that a Markov operator P has a kernel p that is 
[h, h')-compatible with respect to p for some h > b. Further assume that P satisfies 
the Sobolev inequality (5.2). There exists Ci > 0 and ri > 0 such that 

(6.70) oo, B{x, r/6)) < C(j){u, 2, B{x, r + h')) 

for all X G M, for all r > ri and for all functions u that are non-negative and 
P-subharmonic on B{x,r). 


Proof. Define a sequence of radii iteratively by r(l) = r -\- h', 
r{i + 1) = (r(z) - h') - h' 

for * = 1, 2,..., [logr]. By the above definition, there exists tq > 0 such that 


(6.71) 


r(|'logr] + 2) — h' > r 



— 4h'(log r + 3) > r/2 > 3h' 


for all r > cq. We dehne the balls Bi = B{x,r{i)) for i G N* and exponents 
Pi = (1 + 2/Sy for i G N>o. By Lemma 6.12 is P-subharmonic for all i G N>o. 
By applying Lemma 6.13 to the function that is P-subharmonic in Bi^ we 

obtain 

(6.72) (/>(u,2p„P,+i) < 


for i = 1, 2,..., [logr] and r > tq. Combining the estimates in (6.72), there exists 
C 2 > 0 such that 


(6.73) '^^’(m, 2ppogrl,SpogrHi) < C2(t>{u,2,B{x,r + h')) 

for all X G M, for all r > rg and for all non-negative subharmonic u in B{x,r). 
There exists Ca, (74 > 0 such that 

sup < sup P(u^Pr'°sri) 

B{x,rj2) B{x,r/2) 


(6.74) 


< sup 


Cs 


+ i V{y,h') 


^2p[logrl 


< 


C 3 


sup 


Viy,2r) 


/^(-^|'logr] + l) \y£B{x,r) ) / Jb 


^2ppiogrl 


flogrl+l 


< C 4 r^S u^Priogri 

rl+l 
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The first line above follows from Lemma 6.12, the second line follows from (4.10) 
and (6.71), the third line follows from (6.71) and the last line from (2.4) and (6.71). 
Combining (6.73) and (6.74), we obtain (6.70). □ 

The next lemma is analogous to Lemma 6.13 and will be used for an iteration 
procedure. 

Lemma 6.16. Let be a quasi-b-geodesic metric measure space satisfy¬ 

ing {VD)ioc and {VD)ao- Suppose that a Markov operator P has a kernel p that is 
[h^h')-compatible with {M,d,fi) for some h > b. Further assume that P satisfies 
the Sobolev inequality (5.2). There exists Co > 0,ro > 0 such that 


(6.75) 


> B{x,rl2) J B{x,rl2) 

<Co 


f^{y) '^vz{u^)\pi{v,z) dy dz 


2p 

2p- 1 


' B{x,rl2) J B{x,rj2) 


'^vz'f\pi {y, z) dy dz 


for all X € M , for all r > tq, for all p € (0,1] \ {1/2}, for all positive functions u 
that are P-harmonic on B{x, r) and for all if > 0 with supp('!/>) C B{x, r 12 — h'). 

Proof. Let iq ■= where i/ > 0 satisfies supp('!/>) C B{x, r 12 — h') and 

u > 0 is P-harmonic in B{x,r). By product rule (6.27) 

yyzV = (Vy„(u2P"^)) f}{yf + u{zfP-^ . 

By integration by parts (6.31), we obtain 

(6.76) [ [ pi{y,z){Vy^u) dydz 

J B J B 

= - f [ Pi{y,z){\7y^u)u{zfp~^ {Vy^itp'^)) dydz 
J B J B 

where B := B{x,r/2). There exists Ci > 0 such that 


(6.77) 

(6.78) 


|2p- 1| <p\Vy.u){Vy.{u^^-^)) 

\VyA<zY~^ <C^p-^\Vy,{u^)\. 


for all p S (0,1], for all y,z G M with d{y,z) < h' and for all positive u. The 
estimate (6.77) is elementary and is a version of Stroock-Varopoulos inequality. 
The proof of (6.77) is essentially contained in [63, Lemma 2.4]. The estimate 
(6.78) follows from mean value theorem and the local Harnack inequality given by 
Lemma 6.4. Combining (6.76), (6.77) and (6.78), we have 

—- f f pi{y,z)ip{yf\Vy^{uP)\'^dydz 

P J B J B 

[ [ Pi{y,z)u{zy\Vy^tp\\ilj{y)-\-ip{z)\\Vy^{uP)\dydz 

J J Piiy,z)uiyfP\yy^tjjf dydz'^ 

[ [ Pi{y,z)2{ilj{yf-\-i:{zf)\Vy:,{u’^)\'^dydz 
J B J B 


< 


< 


(6.79) 


\ 1/2 
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We use Cauchy-Schwarz inequality and (a + 5)^ < 2(a^ + 6^) in the last step. By 
the /i X /7-almost everywhere symmetry of pi , we have 

(6.80) [ [ pi{y,z)tp{zf\\7y^{uPfdydz= f [ pi{y,z)ip{yf\\/y^{uP)\^dydz. 

J B J B J B J B 

Combining (6.79) and (6.80) yields (6.75). □ 

We do another iteration procedure between the exponents q and 2 using Lemma 

6.16. 

Lemma 6.17. Let {M,d,p) be a quasi-b-geodesic metric measure space satisfy¬ 
ing {VD)\oc and {VD)oo- Suppose that a Markov operator P has a kernel p that 
is (h^h')-compatible to {M,d,p) for some h > b. Further assume that P Sobolev 
inequality (5.2). For any fixed q > 0, there exists Ci > 0,ci S (0,1/2) and ri > 0 
such that 


(6.81) 


(j){u, 2, B{x, cir)) < q, B{x, r/2)) 


for all X G M, for all r > ri and for all functions u that are non-negative and 
P-subharmonic on B(x,r). 

Proof. If g > 2, then (6.81) follows from Jensen’s inequality. Hence it suffices 
to consider q S (0,2). 

Define 9 := 5/{5 — 2). We slightly decrease q if necessary so that q9^ ^ 1/2 
for all 7 G N. Define fc G N* as the integer that satisfies q9^~^ < 2 < qO^. Define 
Cl := and iteratively define 

Si '.= 2si—i + 2 h' 

for i = 1,..., fc, where sq := cir. Fix rg > 0 such that Sk < 7’/2 — h' for all r > rg 
where k and Sk are defined as above. 

Define qi := q9^f2, Bi = B{x, Sk-i) for * = 0,1,..., fc. Define the functions 

2 sk-i-i + h' - d{x,y)' 


ipiiy) = max I 0, min I 1, 




for i = 0,l,...,fc — 1. Note that '0; = 1 in B{x, Sk-i-i + h') and ■0 = 0 in 
B{x,Sk-i - h'f. 

By Sobolev inequality (5.2) there exists (72 > 0 such that 


{PBi(,f^iu'^'){y)f^ dy 


lie 


< 


C.s 




(6.82) 


Jb. Jb 

. C2 


Pi{y,z)\Vyz{ifiu'^^)f dydz 
'>Pi{yf‘u{yY‘^' dy 


Jb, 

for alH = 0,1,..., fc — 1. By (4.10) and Lemma 6.4 there exists Cg > 0 such that 


Pb, 


{ipu^'){y)= f {z)pi{y,z)dz> a 

JB{y,h') 






‘(y) 


for all y G Therefore 
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for X G There exists > 0 such that 


iBi JBi 


dy dz 


< 2 


Pi{y,z)'ilj{yf\Vyz{u‘^')\'^dydz + 2 / / pi{y,z)\Vy^ip\‘^u{zf'^'dydz 


IBi JBi 


'Bi JBi 


< Ci 


2qi 


2 qi - 1 


'Bi JBi 


< 


Cs 




2(?j 


2 qi - 1 


+ 1 


pi{y,zWyziii\'^u{y)'^‘^' dydz 


u(z)29^ dz 


(6.84) 

< B — [ u{z)^'^' dz. 
Sk-i-l JBi 


In the first step above, we used product rule (6.27) and the inequality (a + 5)^ < 
2(a^+6^). In the second step we use Lemma 6.16 and in the third step we use (4.10). 
In the last step, we simply bound 2qif\2qi — 1| by maxo<i<fc 2 pJ\2pi - 1| < oo. 
Combining (6.82), (6.83), (6.84) along with Sk-i/Sk-i-i < 4^ yields 

\ i/s 

for some Cr > 0. Combined with r > tq and (2.4), we deduce 


(6.85) 


(j){u,2qi+i,Bi+i) < Cs4'{u,2qi,Bi) 


for i = 0,1,... ,k — 1, for all x S M, for all r > tq and for all P-harmonic u > 0. 
The estimates (6.85) along with Jensen’s inequality implies (6.81) with Ci = 
and Cl = 4“*. □ 


We are now ready to prove elliptic Harnack inequality. 

Proof of Theorem 6.3. It suffices to consider the case u > 0 because we 
can replace u > 0 by m + e and let e 0. 

Note that we have Sobolev inequality (5.2) by Theorem 5.1. There exists ro > 0 
Ci > 0,Ci G (0,1) for 1 < i < 5 such that for all a; £ M and for all r > tq and for 
all positive functions u that are P-harmonic on B := B{x,r) 

(p{u,oo,ciB) < Ci 4 >(u,C 2 ,B) 

< C24>{u,q, C3B) 

< C3(j){u,-q,CA,B) 

< C4,4>{u, —00, C5B). 

The first line above follows from Lemma 6.15, the second line above follows from 
Lemma 6.17 and the third line follows from Proposition 6.11. The last line follows 
from applying Lemma 6.15 to the function which is subharmonic by Lemma 

6.12(b). Choosing c = min(ci,C 5 ) yields the elliptic Harnack inequality. □ 

The constant c £ (0,1) in (6.1) is flexible. More precisely, we can slightly 
improve the conclusion of Theorem 6.3 for 6-geodesic spaces by an easy chaining. 
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Corollary 6.18 (Elliptic Harnack inequality). Let be a b-geodesic 

space satisfying (FZl)ioc, {VD)oc and Poincare inequality {P)h at scale h. Suppose 
that a Markov operator P has a kernel p that is [h^h')-compatible with {M,d,p) 
for some h > b. Then for all c € (0,1), there exists ro > 0,Ce > 0 such that for 
all X € M, for all r > rg and for all non-negative functions u : B{x,r) —>■ ]R>o that 
are P-harmonic in B{x,r) the following Harnack inequality holds: 

(6.86) sup u < Ce inf u. 

xeB{x,cr) x£B{x,cr) 

The above corollary is a consequence of Theorem 6.3 applied repeatedly to a 
sequence of points in an approximate geodesic. We do not use the above corollary. 
The proof of Corollary 6.18 is left to the reader. 

6.6. Applications of elliptic Harnack inequality 

We present two immediate and well-known applications of elliptic Harnack 
inequality. 

Proposition 6.19 (Liouville property). Assume that {M,d,p) is a quasi-b- 
geodesic metric measure space satisfying {VD)\oc, {VD)oo and Poincare inequal¬ 
ity {P)h o-t scale h . Suppose that a Markov operator P has a kernel p that is 
(h, h')-compatible with (M, d, fx) for some h > b. Then all non-negative P-harmonic 
functions are constant (strong Liouville property). Therefore all bounded harmonic 
functions are constant (weak Liouville property). 

Proof. Let u be a non-negative harmonic function. Then v = u — inf u is 
a non-negative harmonic function with inf u = 0. By elliptic Harnack inequality, 
there exists c € (0,1) and C > 1 such that sup 5 ( 2 ,_ 2 ^) v < C hAB{x,cr) v for all large 
enough r. Letting r —>■ oo, we have supj;^ v < 0 which implies u = 0. This proves 
strong Liouville property. The weak Liouville property follows from the observation 
that for any bounded harmonic function h, the function h — inf h is a non-negative 
harmonic function. □ 

The following Holder regularity-type estimate is a direct consequence of ellip¬ 
tic Harnack inequality. Our argument is an adaptation of Moser’s argument [61, 
Section 5] which uses an oscillation inequality. 

Proposition 6.20. There exists c S (0,1), a > 0 , C > 0 and ri > 0 such that 

(6.87) |«(j,) - »(,)! < C („ 

V ^ / B{x,r) 

for all y,z G B(x,cr), for all x € M, for all r > ri and for all non-negative 
functions u : M —>■ R that is P-harmonic on B(x,r) with B{x,r) ^ M. 

Proof. Let c^ro^CE be constants from from Theorem 6.3. We optionally 
decrease the c so that c < 1/4. Let B = B{x,r) be an arbitrary ball with r > rg, 
B{x, r) ^ M and y,z G B{x, cr). Define a sequence of balls by 

Si := c“^+Vi, Bi := B{y, Si) 

for i G N*, where si := inax{ro, d{y, z) -\- h'). Note that B{y,h') U B{z,h') C Bi. 
Choose ri := 2max(/i',ro) so that Bi C B{x,r) for all r > ri and for all y,z G 
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B{x,cr). Let r > ri and let k := max{i S N* : Bi C B}. Since B{x,r) ^ M 
there exists Ci > 0 such that 

(6.88) fc < Cl log(r/si) + 1. 

Denote by Mi := sup^. u and mt := inf^^ u for i = 1,... ,k, where u is an arbitrary 
non-negative function u : M —>■ R that is P-harmonic on B{x,r). By elliptic 
Harnack inequality of Theorem 6.3, we have 

(6.89) Mi — rrii-i = sup(Mi — u) < Ce inf {Mi — u) = CE{Mi — Mi-i), 

Bi_i Si-1 

(6.90) Mi-i — rrii = sup (it — rrii) < Ce inf (it — rrii) = CE{mi-i — rrii) 

Bi-i Si_i 

for i = 2, 3,..., fc. By adding (6.89) and (6.90), we obtain 

Ce - I 

(6.91) — —{Mi-rrii) 

Ce + 1 

for i = 2, 3,..., fc. Combining (6.91) along with (6.88), we obtain 

/ (j /(J _ 1 \ Cl log(r/si) 

(6.92) Ml - mi < ( ^ ) (Mfc - rrik) < ( ^ ) sup u. 

\CE + r/ \CE + rJ B{x,r) 

Since u is P-harmonic in B{x,r), we have 

\u{y) — u{z)\ = \P{y) — P{z)\ < sup u— inf u<Mi — mi. 

B{y,h')UB{z,h') B{y,h')uB(z,h') 

The above inequality along with (6.92) implies (6.87). □ 

Note that above result does not give Holder continuity for harmonic functions 
which is in contrast to [61, Section 5]. However we will see that Proposition 6.20 
is useful. In particular, we use Proposition 6.20 to prove Gaussian lower bounds in 
Chapter 8. 





CHAPTER 7 


Gaussian upper bounds 


The goal of this chapter is to prove the following Gaussian upper bounds using 
Sobolev inequality. The results of this chapter rely only on {VD)\oc, {VD)ao and 
the Sobolev inequality (5.2). We do not assume the Poincare inequality {P)h to 
show Gaussian upper bounds. More precisely, we show 

Proposition 7.1. Let be a quasi-b-geodesic metric measure space 

satisfying (HIl)ioc and {VD)ao. Suppose that a Markov operator P has a kernel 
p that is (h,h')-compatible with {M,d,fj,) for some h > b. Further assume that P 
satisfies the Sobolev inequality (5.2). There exists C > 0 such that 

for all X € M and for all n G N> 2 . 

The first step is to obtain the following on-diagonal upper bound. 

Proposition 7.2. Let {M,d,fi) be a quasi-b-geodesic metric measure space 
satisfying {VD)ioc and {VD)ao- Suppose that a Markov operator P has a kernel 
p that is (h,h')-compatible with {M,d,fj,) for some h > b. Further assume that P 
satisfies the Sobolev inequality (5.2). There exists Co > 0 such that 

C 

(7-2) Pn{x,x)<— -^ 

V{x,y/n) 

for all X G M and for all n G N> 2 . 

A crucial ingredient in the proof of Proposition 7.2 is a L^ to L°° mean value 
inequality for the solutions of a heat equation. We again rely on Moser’s iterative 
method and the calculations are similar but more involved than those encountered 
in Section 6.5 for harmonic functions. The lazy walk defined in Example 4.5 will 
play an important role in this chapter. Recall that for a Markov operator P, the 
corresponding ‘lazy’ versions of Markov operator and Laplacian are given by 

(7.3) Pl = {I + C)/2 and Al = A/2 = (/ - P)/2. 

For a, & S N, we denote the integer intervals by 

|a, 6] := {i G N : a < i < b} . 

The following definition is analogous to Definition 6.1. Caloric functions are solu¬ 
tions to heat equation. 

Definition 7.3. Let P be a Markov operator on (M, d, /i) and let a,b gN. A 
function it : N x M —>■ K is P-caloric (respectively Pi-caloric) in |a, 6| x B{x, r) if 

dkuijj) -I- Aitfc(y) = 0 (respectively dku{y) -G ALUkiy) = 0) 
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for all k G |a, 6] and for all y G B{x, r). 

Similarly, we say a function m : Nx i? —^ i? is P-subcaloric (resp. P-supercaloric) 
in |a, 6] x B{x, r) if 

dku{y) + Auk{y) < 0 (respectively > 0) 

for all k G |a, &] and for all y G B{x,r). Analogously, we define Pi-subcaloric and 
P^-supercaloric functions simply by replacing A with in the equation above. 

Remark 7.4. 

(a) We can restate the above definitions using dkU + Auk = Uk+i — Puk and 

dku + Aiitfe = Ufc+i - PiMfe. 

(b) Consider a Markov operator P that is {h, /i')-compatible with (M, d, /r). Similar 

to Remark 6.2(a), the property that it: N x M —?> K is P-caloric (or P^-caloric) 

in |a, X B{x, r) depends only on the value of u in |o, 6 + 1] x B{x, r + h'). 

Therefore it suffices if the function u has a domain that satisfies |a, 6 + 1] x 

B{x,r + h') C Domain(it). 

Although our eventual goal is to prove parabolic Harnack inequality for P- 
caloric functions, the Moser’s iteration procedure is applied to Pi-caloric functions. 
The laziness is introduced to handle certain technical difficulties that arise due to 
discreteness of time. Another method to avoid these technical difficulties that arise 
due to discreteness of time is to carry out Moser’s iteration method for solutions of 
the continuous time heat equation ^-\-Au = 0 (See [27, Section 2] for this method 
on graphs). 

In continuous time case the product rule of differentiation implies “ ^^§7’ 
however for discrete time the analogous formula is dk{u^) = 2ukduk -\- {dkuf'. The 
‘error term’ (dku) due to discreteness of time is a source of difficulty in the proofs 
of Caccioppoli inequality and an integral maximum principle for P-caloric and P- 
subcaloric functions. However as we shall see, this ‘error term’ can be handled 
using a Cauchy-Schwarz inequality for P^-caloric and PL-subcaloric functions (See 
Remark 7.9). As a result, we will primarily be concerned with P^-caloric and Pl- 
subcaloric functions for now. The assumption (d) in Definition 4.8 will allow to 
compare the random walks driven by P and Pl- 

As mentioned in the beginning of Chapter 5, we rely on a version of Sobolev 
inequality that is weaker than the ones assumed in previous works. This causes 
new difficulties for Moser’s iteration method which relied on a Sobolev inequality. 
The difficulty is even more significant in the parabolic case compared to that of the 
elliptic case in Chapter 6. This is because the difference between the strong (5.1) 
and weak (5.2) formulations of Sobolev inequalities is not significant for harmonic 
functions. To see why this might be true, note that if a function u is P-harmonic 
in P = B(x,r) then Pbu = m in B{x,r — h) and therefore the weaker formulation 
(5.2) yields an estimate that is close to that of (5.1). However the same cannot be 
said about P-caloric functions. 

The following lemma and its proof is analogous to that of Lemma 6.12. 

Lemma 7.5. Let P be a Markov operator. Assume that the funetion u : N x 
M —>■ K>o is P-subcaloric in |a, 6] x P(a;, r) for some x G M, r > 0 and a, 6 G N. 
Then is a P-subcaloric in |a, 6] x B{x, r) for all p > 1. 
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Proof. Note that 

= (dku + Ukf{y) < {-Auk + UkY = {Puk{y)Y < P{ul){y) 
for all {k,y) G |a, x B{x,r). The first inequality above follows from the fact 
that M > 0 is P-subcaloric in |a, 6| x B{x, r) and the second follows from Jensen’s 
inequality. □ 

For a function / : N x M —^ R and a Markov operator P on M, we denote the 
function Pf : N x M —>■ R 

Pf{k,x) := {Pf{k,-)){x) = {Pfk){x) 

for all fc G N and for all x G M. We require the following property of subcaloric 
functions. 

Lemma 7.6. Let {M,d,fj,) be a metric measure space and let P be a Markov 
operator that is (h,h')-compatible to {M,d,fj,). //u : N x M —>■ R is PL-subcaloric 
in |a, 6] x B{x, r), then Pu is PL-subcaloric in |a, 6] x B{x, r — h')) for all x G M 
and for all r > h'. 

Proof. If (fc, y) G |a, 6] x B{x, r — h') and u : N x M —>■ R is Pi-subcaloric in 
|a, &| X B{x, r) , then 

[{Pu)k+i - PL{Pu)k]{y) = P (uk+i - PbUk) {y) < 0. 

In the above equality, we used that P and Pl commute. The inequality follows 
from (4.10) and the fact that any Markov operator is positivity preserving. □ 

7.1. Mean value inequality for subcaloric functions 

We will prove the following mean value inequality in a weak form. The in¬ 
equality bounds from above a weak version of norm on a space-time cylinder 
by a weak version of norm. Our version of the mean value inequality in Lemma 
7.7 is weaker than the one known for graphs [19, Theorem 4.1] mainly because we 
rely on a weaker Sobolev-type inequality (5.2). Although the mean value inequality 
is weaker, we will obtain on-diagonal upper bounds using Lemma 7.7. Using an 
integral maximum principle argument, we will obtain Gaussian upper bounds in 
Chapter 7. 

Lemma 7.7. Under the assumptions of Proposition 1.2, there exists constants 
Cl > 0, ni > 0 such that 

(7.4) inf sup P^^^°sV^+^Uk{y) <sup [ Ukdy 

fcelO,"! j/GB(a;,V"/2) ^ [X, ^U) fcGlO.n] JB{x,yn+h') 

for all n G N* satisfying n > ni, for all x G M, for all non-negative functions 
u : N X M —^ R that is PL-subcaloric in |0,n] x B{x, y/ri). 

The proof of Lemma 7.7 relies on Moser’s iteration procedure. Couhlon and 
Grigor’yan [19, Section 4] obtained a similar (stronger) mean value inequality in the 
graph setting using an iteration procedure. However they relied on a Faber-Krahn 
inequality that is equivalent to the Sobolev inequality (5.1) and therefore does not 
hold for discrete time Markov chains on continuous spaces. 

In this section, we carry out Moser’s iteration procedure for subcaloric functions 
relying on the weaker^ Sobolev inequality (5.2). To prove the elementary iterative 

^‘weaker’ compared to Sobolev inequalities in [69, 70, 76, 25, 27, 45]. 
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step of iteration, we need the following discrete Caccioppoli inequality. The proof 
is an adaptation [19, Proposition 4.5]. The next two Lemmas together may be 
regarded as the parabolic version of Lemma 6.13. 


Lemma 7.8 (Caccioppoli inequality). Under the assumptions on Proposition 
1.2, we have 

(7.5) [ dk{u^)ip'^ dfr+^Siuk-i/j^Ukilj) <^ [ [ \Vy,,tpf ul{y)pi{y, z) dy dz 

Jm ° o JmJm 

for all X G M, for all r > 0, for all non-negative functions ip : M ^ R>o satisfying 
supp('(/>) C B{x,r), for all a,b G N, for all k G |a, 6] and for all non-negative 
functions rt : N x M — >■ ]R>o such that u is Pr-subcaloric in |a, 6] x B(x, r). 


Proof. Fix x G M, r > h' and define B := B{x, r-\-h'). Let m : N x M — >■ K.>o 
be such that u is PL-subcaloric in |a, x B{x,r). We start with the elementary 
inequality 

(7.6) dk{u^){y) < -uk{y)l^uk{y) + ^ {Auk{y)f 

for all {k, y) G |a, 6] x B{x, r), as we now show. Since u is Pi-subcaloric in |a, 6| x 
B{x,r), we have Uk+iiy) < PLUk{y) for all {k,y) G |a, x B{x,r). Combined 
with the fact that u is non-negative, we have u1_^_^{y) < {PrUkiy))^ for all {k,y) G 
|a, X B{x,r) which can be rearranged into (7.6). 

Let {k,y) G |a, x B{x,r). Recall that B = B{x,r -{- h'). Using (7.6), integra¬ 
tion by parts (6.31) and supp('(/;) C B{x,r), we have 


(7.7) 


/ ip'^dk{u'^)dy < / {VyzUk){yyz{ukip‘^))pi{y,z)dydz 
J B ^ J B J B 

+ \ J^{^uk{y))^i’^{y) dy. 

The second term in (7.7) can be handled using Cauchy-Schwarz inequality as 

(Auk{y)f = (^ J {VyzUk)pi{y,z)d^ 

< ( / Pi{y,z)dz \ I / (yy,zUk)‘^Pi{y,z)dz 

\Jm j \Jm j 

= / {VyzUkfpi{y,z)dz. 

JM 


(7.8) 


For the first term in (7.7), we use product rule (6.27) 


(7.9) 


’^yziuk'lf^) = Uk{z)Vyz 1 p‘^ -\- 1p'^{y)VyzUk. 


Combining (7.7), (7.8) and (7.9), we have 

'^‘^{y)dk{u'^){y)dy I I {Vyz,Ukf ip‘^{y)pi{y,z)dydz 
/ [ Uk{z) {Wyzip"^) {VyzUk)pi{y,z)dydz. 

z Jb Jb 


J B 
< -- 


(7.10) 
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The right side of (7.10) can be bounded using tit 2 < tf/8 + as 

\-Ukiz) (VyzUfe)| < Uk{z)^l){y)\{S/ yzlp) 

+ Uk{z)'lp{z)\{V yz^)) {VyzUk)\ 

< ^(V’^(2/) + {'^yzUkf 

(7.11) +Aul{z)\Vyzi,\\ 

Using pi{y, z) = pi{z, y) for p x /i-almost every (y, z), we obtain 


(7.12) / / 'ip^{y){VyzUkfpiiy,z)dydz= / ip‘^{z) {VyzUkf pi{y, z) dy dz. 

JbJb JbJb 

Combining (7.10),(7.11) and (7.12), we deduce 


(7.13) 


JB 
< 2 


tp'^{y)dk{u'^){y)dy j J (yyzUkf tp‘^{y)pi{y,z)dydz 
/ / uliz){Vyz'ipfpiiy,z)dydz. 


JBJB 

Since supp(i/’) C B{xo, r — h'), using integration by parts (6.31) we have 

(7.14) £{iljuk,ipuk) = ^ f j '^yziuk'ip)\^Pi{y,z)dydz. 

J B 'J B 

Using product rule (6.27) and the inequality (<i + ^ 2 )^ < + t\), we obtain 

yz{Uk1p)f‘ = \>P{y){'^ yzUk) + Uk{z){V yzi^)\^ 

(7.15) < 2 {^^{y){yyzUkf + ul{z){Vyz^f) . 

Combining (7.13), (7.14), (7.15) and px /i-almost everywhere symmetry ofpi yields 
(7.5). □ 


Remark 7.9. Recall the product rule of differentiation dk{u^) = 2ukduk + 
{dkuf gives rise to the ‘error term’ {dkuf which occurs due to discreteness of time. 
This error term occurs in (7.7) and is controlled using Cauchy-Schwarz inequality 
in (7.8). However the estimate given by (7.8) is sufficient to prove Caccioppoli 
inequality only in the presence of some laziness. A similar difficulty arises in the 
proof of discrete integral maximum principle and is the reason behind considering 
the operator Pj, as opposed to P in this section. 

Next, we prove the elementary iterative step of Moser’s iteration in parabolic 
setting. The proof relies on Caccioppoli inequality (7.5) and Sobolev inequality 
(5.2). Let Pc denote the counting measure on N and let {M,d,p) be a metric 
measure space. We denote the product measure on N x M by /i := /Xc x /i. Similar 
to (6.2), we define 

(7.16) 0(w,P, Q) ■■= 

for all p > 0, for all Q C N X M and for all functions m : N x M —>■ ]R>o. 
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Lemma 7.10. Under the assumptions of Proposition 1.2, for all Ki > 1, there 
exists Cl > 0 , ri > 0 (depending on Ki) such that 

^{Pu,2 + (4/5), ||■(1 - tT^)ao + CT^ai],ai| x B{x, (1 - a)r - h')) 

(7.17) < 2, |ao, aj x B{x,r + h')) 

for all a S (0,1/2), for all x G M, for all r > ri, for all 09,01 G N satisfying 
Kf^r^ <02 — 01 < Kir^ and for all non-negative functions w : N x M —>■ ]R.>o such 
that u is PL-subcaloric in |oo,ai| x B{x,r). 

Proof. Let x G M, a G (0,1/2) and let r > ri > 4/i', where ri will be 
determined later. Let u be a non-negative function that is Pi-subcaloric in |ao, ai| x 
B{x, r). 

We start by defining appropriate cut-off functions in space and time. Define 
B := B{x, r h') and ip : M ^ IR>o as 

My) ■■= max (^ 0 , min (^1, ~ 

Note that supp(i/cr) C B{x,r) and ■0 = 1 on B{x, (1 — cr)r). Define := |"(1 — 
cr^)ao -|- cr^oi] and y : N —>■ R as 

{ 1 if fc > Oct 

0 if fc < oo 

otherwise. 

Oj(j Qq 

Since u is non-negative and Pi-subcaloric in |oo,ai| x B{x,r), by Caccioppoli 
inequality (Lemma 7.8) and product rule (6.29), we obtain 

[ (dkixcru)^) ^ S^i'tpaUkj'lpaUk) 

Jb o 

(7.18) <^xlik + l) [ [ \Vy:,^|Ja\^ul{y)pl{y,z)dydz^^kxl [ 
o Jb Jb Jb 

for all k G [a,b). Since pi is (h,/i')-compatible with {M,d,yL), we have 

(7.19) \Vy^ip\^pi{y,z) < j^piiy,z). 

We use product rule (6.29), triangle inequality, Xo- < 1 and Oo- —oq > cr^(oi — oq) > 
to deduce 

(7.20) \dkxl\ < ixAk + 1) + xAk))\dkXa\ < 2\dkXa\ < 7 - - - 7 < 

(Ocr-Oo) 

Combining (7.18), (7.19) and (7.20), there exists C 2 > 0 such that 

(7.21) [ ipl {dk{x<yu)^) dp+ {ipaUk,ipoUk) < f uldy 

Jb o ^ ^ Jb 

for all k G |oo, ai|. In (7.21), C 2 depends only on Ki and h'. 
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Adding (7.21), from k = qq to k G |ao,ai], yields 


(7.22) 

(7.23) 


sup / 

fce[ao.,ai] JB 


iplul dfi < 


C. 




k—aQ 

ai 


E{il)„Uk,ipoUk) < Y J 

k—afj k—aQ ^ 


Define Wk := PBi'^i^aUk)- Since i/; = 1 on B{x, (l-(T)r-), by (4.10) Wk = PsitpaUk) = 
Puk on B(x, (1 — a)r — h'). Combined with Holder inequality, we have 
(7.24) 


' B{x^{1 — <7)r — h') 


{Puk) 


2(l+2/S) 


d/i < 


\ 2/5 

wl dfi] 

I J 


25/(5-2) 


d/j, 


(5-2)/5 


Since Pb is a contraction in L^{B), we have 


(7.25) 


wldfi< / ^|;lul d/i. 
I J B 


By Sobolev inequality (5.2), Lemma 4.22(a) and (4.10), we obtain 
(7.26) 

(5-2)/5 ^ 2 


W 


25/(5-2) 


d/r 


< 


Csr^ 


H(a;o,r)2/<5 


E{'tpaUk,i’aUk) + r 


iplul dfj. 


By (7.22), (7.23),(7.24),(7.25), (7.26) and ai - ao < dsTir^, there exists Cg > 0 such 

that 

(7.27) 

ai n ^ „2 / r \ 

j 


E 

k—a^j 


' B{x,{l — G)r — h') 


(Puk) 


2(l+2/5) 


d/t < 


C4r^ 


V[x,rYl^ 


0-^E 


k—aQ ' 




We choose ri > Ah' so that < ai /2 < (ao + ai)/2 for all ao,ai S N so that 
ai — ao > Since r > Ah' and cr < 1/2, we have (1 — (j)r — h' > (r/2) — h' > 

r/A. Hence by (2.4), < ai — ao < Kir^ along with (7.27), we have (7.17). □ 


Proof of Lemma 7.7. We carry out Moser’s iteration in two stages. In the 
first stage of the iteration, we obtain a to mean value inequality and in the 
second stage we show a to L°° mean value inequality. Combining the two stages 
yields the desired to L°° mean value inequality. The proof relies on repeated 
application of the elementary iterative step given by Lemma 7.10. 

Let ri(0) := ^/n + h', ai(0) := 0, N := \\ogy/n\ and d := 1 + (2/(5). For the 
first stage of iteration, we iteratively define the quantities 


ri{i + 1) 


ai(i + 1) 


{ri{i)-h') (^1- -h' 

- ( 4-2 \ 4-2 ■ 

“ gNr+l-i j gV^+l-i*^ 


for * = 0,1,..., A^. We define a non-increasing sequence of space-time cylinders 
Qi{i) = |ai(i),n| x B{x,ri), for / = 0,1,..., iV -|- 1. 
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The following estimates are straightforward from definitions of ri and ai: There 
exists no > 0 such that for all n > no, we have 

/ N+l \ 

ri{N + 1) > Vn I 1 — 4“^ ^ 3“-^ 1 — 2(log y/n + 3 + h') 

(7.28) > i7/8)y/^ - 2(log y/7i + 3 + h')> (6/7)^/^, 

/ N+l \ 

n - ai(7V + 1) > n 1 - 4-2 ^ g-J _ 2{N + 1) 

(7.29) > (31/32)n - 2(log y/n + 2)> (15/16)n. 

Let n : N X M —>■ ]R>o be an arbitrary non-negative function that is Pl- 
subcaloric in |0, n] x B(x, y/n) where n > ni. By Lemma 7.6 is Pu-subcaloric 
in |0, n] X B{x, y/n — ih') and therefore Pi-subcaloric in |ai(*), n] x B{x, ri(i) — h') 
for all i = 0,1, ..., N + 1. Hence by applying Lemma 7.10 for the function 
which is PL-subcaloric on |ai(i),n] x B{x,ri(i) — h') with tr = 4 -i 3 -('^+i-*)^ -^e 
have C 2 > 0 such that 

(7.30) 29, Q,+i) < C23'^+i-V(P*n, 2, Q,) 

for all z = 0,1,..., fV. We may choose Ky = 8 in the application of Lemma 7.10 
above due to (7.28) and (7.29). 

By Holder inequality along with (7.28), (7.29) and (2.4), there exists C 3 > 0 
such that 

(7.31) ^{P^+^u, 2, Qi{i + 1)) < C3^{P^+\, 1, Qi(z + l))“^(P*+in, 29, Qy{i + 1))^ 

for alH = 1, 2,..., TV, where a = 1 - /3 = 2/{S + 4). By (4.10), u > 0, (7.28),(7.29) 
and (2.4), there exists C 4 > 0 such that 

(7.32) <^(PV, 1, Qi(z)) < Ci^iu, 1, Qi(0)) 

for all z = 0,1,..., -I- 1. Combining (7.30), (7.31), (7.32), there exists Cs > 0 

such that 

(7.33) ^(P*+izz, 2, Qi{i + 1)) < C 53 ^('^+i-*)^(zz, 1, Qi(0))“^(P*n,2, 

for z = 1,..., TV. By iterating (7.33), we obtain 

(7.34) 

^{P^+^u, 2, Qi(TV+1)) < 1, Qi(0))(i-^'')^(Pzz, 2, Qi(l))^^. 

Since zz > 0, by Holder inequality, (4.10) and (2.4), there exists Co,Cr > 0 such 
that 


/ [Pui)^ < sup Pui / Puid^ 

JB{x,ri{l)) YB(£c,ri(l)) J JB{x,ri{l)) 


< i [ Uidu] sup ' 

\JB(x,^+h') ) y(iB(x,-^) V {y,H ) 


(7.35) 


^ r 

~ V{x,y/n) I 

2G|0,n] JB{x,^/n-\-h' 


Ui dy 
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for all i S |0,n|. Combining (7.34), (7.35) along with (2.4) yields 

(7.36) I/nN+R. o ^ /Ar , ^ C's ^ 


0(P^''+'M,2,Qi(iV + l)) < 


sup , 

V 1,^5 V'^j feG| 0 ,n] JB{x,y/n-\-h') 

for some Cs > 0. The inequality (7.36) is a B to B mean value inequality and 
this concludes the first part of iteration. 

For the second part, we define v = 02 ( 6 ) = ai(A^ + 1) and r 2 ( 0 ) = 

ri{N + 1). As before, we iteratively define 

r 2 {i + 1 ) := {r 2 {i) - h') - h', 

4-2 


Uk d^i 


a 2 {i + 1 ) := 


1 - 


9*+i 


a 2 {i) 


gi+i 


for i = l,2,...,iV + l. As before, define a non-increasing sequence of space-time 
cylinders by Q 2 ('i) ■— [a2(*),''7l x B{x,r 2 {i)) for * = 0,1,..., n. Note that ( 52 ( 0 ) = 
Qi(A^ + !)• 

Similar to (7.28) and (7.29), there exists ni > no such that for all n > ni, 

(7.37) r2ii) > r2iN + 1) > ^/2 

(7.38) n — 02 ( 7 ) > n — a 2 {N + 1) > n/2 

for alH = 0,1,..., fV -I- 1. By Jensen’s inequality, we have 

0 

(7.39) < (P {P^vf ) 

for all f G N. By Lemma 7.6 and Lemma 7.5, the function (P*i;)® is Pu-subcaloric 
in [ 02 ( 7 ), n] X B{x, 72 ( 1 ) — h) for alH = 0,1,..., iV -|- 1. Therefore by Lemma 7.10 
for the function (P*i;)®' and (7.39), there exists Cg > 0 such that 


(7.40) 


^(P'+iu, 20^+\Q2ii + 1)) < 29\Q2{t)) 


for z = 0,1,..., fV — 1. Iterating the inequalities (7.40), there exists Cio > 0 such 
that 

(7.41) ^{P^v, 26^, Q 2 {N)) < Cio^iv, 2, Q2(0)) = C'io^(u, 2, Q,{N + 1)). 

There exists Cii,Ci 2 ,Ci 3 > 0 such that, for all fc G A^ 

sup P^''~^Vk{y) < Cii-f P^Vkdfj. 

yeB(x,r 2 {N+l)) JB(v.h''i 


1 /( 20 ^ 


< 


< 


Cnf/ (P'^Tfe)^^" d/i) 
\jB{y,h'} J 


f / iP^v,r‘' d/i 

\j B{x,r2iN)) 




1 /( 20 ^) 


(7.42) 


< Ci3 


{i 


l/{29^) 


{P^vuf<>- dyi 


B{x,r 2 {N)) 


The first line above follows from (4.10), the second line follows from Jensen’s in¬ 
equality, the third line follows from (2.4) and the last line follows from the fact that 
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n !->■ is bounded in [2,oo). By (7.41), (7.42) and v = we have a 

to L°° mean value inequality 

(7.43) inf sup P^^+'^u < CioCi 3 ^{P^+\, 2 ,Qi{N +1)). 

fcG[0,n] B{x,r2iN+l)) 

Combining (7.36) and (7.43), we have the desired inequality (7.4). □ 


7.2. On-diagonal upper bound 

The following lemma provides a useful example of Pi-caloric function. 

Lemma 7.11. Let {M,d,fj,) be a metric measure space. Let P be Markov oper¬ 
ator equipped with kernel {pk)ken that is (h,h')-compatible with (M,d,fi). Define 
for all k £ N, the function h^ '■ M x M ^ M. by 

(7.44) hkix,y) := {Pjfp 2 {x,-)) (y) = 2"”^ (j^^p,+ 2 {x,y) 

where Pl = (/ + ^)/2 as before. Then for all x G M, the function 

{k,y) !-)> hk{x,y) 

is Pl- caloric m N x M. 


Proof. The second equality in (7.44) is a consequence of binomial theorem 
and Lemma 4.2(c). Note that 

PL{hk{x,-)){y) = PLiPlp 2 ix,-)){y) = P^+^ (P 2 (x,-)) (y) = hk-i-i(x,y). 
Therefore (k, y) i—>■ hk{x, y) is Pi-caloric in N x M for all x € M. □ 

We are ready to prove Proposition 7.2 using the mean value inequality (7.4). 


Proof of Proposition 7.2. Let hk{x,y) be defined as (7.44). Choose ni £ 
N such that 


(7.45) 


2[log ^/n] -£4 < n 


for all n > ni. By Lemma 7.7, Lemma 7.11 and jj^hk(x,y)dy = 1, there exists 
R 2 P xii and Cl > 0 such that the Pi-caloric function (fc, y) i—>■ hk{x,y) satisfies 
the mean value inequality 

(7.46) 


inf p2r'°Sv^+2/ife(x,a:) < inf sup P^^‘°®^+^/ife(a:, y) < 


Cl 

V{x,y/fi) 


for all x G M and for all n G N satisfying n > n 2 . 

By (4.11), we have P 2 (x, •) — api{x, •) > 0 y-almost everywhere for each x £ M. 
By (4.12) of Lemma 4.10 and Lemma 4.7, we have 

(7.47) pk{x, x) < a~^p 2 \k/ 2 -\ {x, x) < a~'^p 2 \k/ 2 -] {x, x) > a~^p 2 n{x, x) 
for aX\ X £ M and for all 2 < fc < 2n. By (7.47) and (7.45), 

(7.48) P'^^^°^^+^hk{x,x) > a-^p2n{x,x) 

for all X £ M, for all k £ |0,n] and for all n > n 2 . Combining (7.48), (4.12), (7.44) 
and (7.46), there exists C 2 > 0 such that 

C 2 

V(x,^) 


(7.49) 


Pn{x,x) < 




7.3. DISCRETE INTEGRAL MAXIMUM PRINCIPLE 


93 


for all n > 2 n 2 - Since P is a contraction in by (4.10), Lemma 4.2(c) and (2.4), 
there exists > 0 and 5 > 2 such that 


(7.50) 


, C3 ^ 

Pn{x,x) < — - - < — -^ 

V{x,h') V{x,y/n) 


for all T S M and for all n S N with n>2. Combining (7.49) and (7.50) gives the 
diagonal bound (7.2). □ 


7.3. Discrete integral maximum principle 

We use Discrete integral maximum principle and diagonal upper bound to 
obtain Gaussian upper bounds. This approach is detailed in [20] for graphs. A 
crucial assumption in [20] is the laziness assumption for the corresponding Markov 
chain {Xn)n^N given by inix^M^x{Xi = a:) > 0. As explained in [20, Section 
3] this laziness assumption is not too restrictive for graphs because under natural 
conditions the iterated operator corresponds to a lazy Markov chain. However 
this fails to be true for continuous spaces. 

Since the laziness assumption is unavoidable for discrete integral maximum 
principle, we consider the Markov operator — [I P)/2 instead of P. Using 
discrete integral maximum principle corresponding to Pl and diagonal estimate on 
Pk, we obtain off-diagonal estimates on hk defined in (7.44). We rely on careful 
comparison between off-diagonal estimates of hk and the Markov kernel pk- The 
comparison arguments are new but elementary and involves Stirling’s approxima¬ 
tion. Our comparison arguments rely crucially on the compatibility assumption 
(4.11). Similar comparison arguments for off-diagonal estimates was carried out 
in [27, Section 3.2] to compare Markov chains on graphs with its corresponding 
continuous time version. 

The main technical tool to prove Gaussian upper bounds is the following dis¬ 
crete integral maximum principle. The statement below and its proof is adapted 
from [20, Proposition 2.1]. 

Proposition 7.12 (Discrete integral maximum principle). Suppose that P is 
a Markov operator that is {h,h')-compatible with a metric measure space 
Let f be a strictly positive continuous function on |0,n| x M such that, 

(7.51) dkf{x) + < 0. 

4/fe-i-l 


for all X G M and k G |0, n — 1] where jV pf\ is as defined in (6.32). Let m : N x M 
bounded function that is PL-caloric on |0, n— 1] x M satisfying supp(Mo) C B{w, R) 
for some w G M, R G (0, oo). Then the function 


k I—^ Jk 



is non-increasing in | 0 ,n]. 


Proof. Since supp(ito) C B{w,R), by (4.10) supp(ufe) C B{w,R-\-kh'). 
Therefore by continuity of fk and boundedness of u all the integrals Jk are finite. 
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By product rule (6.29), (6.30) and dkU = — Aufc/2, we have for all k G |0,n — I] 

dkJ(u)= [ dk{u^f)dn 
Jm 


= 2 


/ Ukdkufk+i d^l + / (dku)^ fk+i d^l + / uldkf dfi 
Jm Jm Jm 


(7.52) 


= -/ Mfe/fc+iAufcd/r + 

Jm 


{dkuf fk+i dfi + / uldkfdn- 


'm 


im 


Using integration by parts (6.31) and product rule (6.27), the first term in (7.52) is 

- / Ufc/fe+iArtfed^ 

Jm 

=- 7 ; I I {^xyUk)yxy{ukfk+i)pi{x,y)dydx 

^ Jm Jm 

— 77 [ [ [(^ xy'^k) fk+1 (x) ~t“ (V xy‘^k)Uk (y) (V xy fk+l )] 7*1 (^5 2/) Jy Jx 

^ Jm Jm 

(7.53) — — I I xyUk) fk+i{x) xyUk)'^k{x')(^xy fk+i')^ Pi{,x^ y^ dy dx 

^ Jm Jm 

In order to get the last equation we switch x and y and use the fact that pi(a;, y') = 
Pi{y,x) for /i X /i-almost every {x,y). To handle the second term in (7.52), we use 
dkU = —Auk/‘2 (7.8) to obtain 

(7.54) / (dku)^fk+i dp < ^ [ I {WxyUk)'^fk+i{x)pi{x,y)dydx 

Jm ^JmJm 

for all k G |0,n — 1]. Substituting (7.53) and (7.54) in (7.52), we deduce 

dkJ{u)<-^ [ [ {\7xyUk)'^fk+i{x)pi{x,y)dydx+ [ ul{x)dkf{x)dx 

^JmJm Jm 

“b / f {'^xyUk)uk{x){Vxyfk+i)pi{x,y)dydx 

= -J [ [ ('^xyUkVfk+lix) + 

4 Jm Jm \ 


Vfk+i{x) 


^xy fk+i] pi{x,y)dydx 


+ 


ulix) 


' M 


\Vpfk+i\\x) 

4/fc+i(a;) 


+ dkf{x) dx. 


The given condition (7.51) ensures that dkJ < 0, that is Jk+i < Jk for all k G 
|0,n-ll|. □ 

The following lemma essentially follow from [20, Proposition 2.5]. We repeat 
the proof for completeness. Lemma 7.13 provides a weight function / that will be 
used in the application of discrete integral maximum principle. 

Lemma 7.13. Let {M,d,p) be a metric measure space and let P be a Markov 
operator that is {h,h')-compatible with {M,d,p). Let tr : M —>■ R fee a 1-Lipschitz 
function such that infer > h'. There exists a positive number Di such that for all 
D > Di, the weight function 


(7.55) 


fkix) = fk (x) := exp - 


\x) 


D(n + 1 — /c) 
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satisfies 

for all X S M, for all n S N* and k G |0, n — 1]. 


dkfix) + < 0. 

4/fe+l 


Proof. Note that 

-auU) = (exp -1) A+.(x) 

(7.56) >(exp(^CI^)-l)A«(x) 

and 

|VpA+i(x)|’ = i M^.y) (exp - »P ‘‘y 

= /J+i(x)(exp ( " - 0 

for all k G |0,n — 1|. By the Lipschitz condition and the hypothesis <t{x) > 1, we 
have 


|cr^(a:) — (j‘^{y)\ = \cr{x) — a{y)\\a{x) + cr{y)\ < 2h'a{x) + {h'Y < 3h'a{x) 

for all x,y G M such that d{x,y) < h'. Next we use the following elementary 
inequality: if |t| < s, then 

|e‘ - l| < e® - 1. 

Combining together the previous lines and (4.10), we obtain 

(7.57) ^pfk+i{xf < fk+iix) l^exp ■ 

Next let us use another elementary fact: there exists B > 0 such that, for all t > 0, 

(e* - 1)2 < 4(e^*' - 1). 


Setting t 


3h'(7{x)/{D{n — k)), we obtain that 

2 


exp 


Zh'a{x) 
D(n — k) 


— 1 I < exp 


B{i^h'Ya\x) \ 
D‘^{n — kY ) 


Hence, if H > Hi := 2B [3/i']^, then the right hand side of the above inequality is 
bounded from above by 


Combining with (7.56) and (7.57), we obtain 

|V/fc+i(x)|^ ^ fk+ijx) (^ ( 3h'a{x) \ 

4/fc+i(x) “ 4 \^^\D{n-k)) ) 

< A+i(x) (exp “ 0 - 


for all X G M and for all k G |0, n — 1|. 


□ 


Next, we need the following estimate on hk defined in (7.44). The proof uses 
the diagonal estimate in Proposition 7.2. 
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Lemma 7.14. Under the assumptions of Proposition 7.1, there exists Cq > 0 
such that 

Co 


(7.58) 


/ Kix,y)dy<- 
Im V{x,^n + 2) 


for all n G N and for all x G M where h is as defined in (7.44). 

Proof. By (7.44) of Lemma 7.11, Lemma 4.2(c) and Vandermonde’s convolu¬ 
tion formula, we have 

J^ihn{x, y)f dy = 4"” (^^p,+ 2 {x, y)^ dy 


(7.59) 


= 4 P”^p*+4(a;,a;) 




for all X G M. By Proposition 7.2, there exists Ci > 0 such that 

for all fc > 2 and for all x G M. Combined with (7.59) and (2.4), we obtain 
C 2 > 0, (5 > 2 such that 

2n 


J^{hn{x,y)fdy<4: 


Cl 


(7.60) 


< 


i=0 

C 2 


, _.- 4 -" V 

V{x,V‘^n + A) ^ 


v{x, \/r+4) 

'2n\ f2n + 4:y^^ 
7 + 4 ) 


for all n G N and all a; G M. By the above inequality, we have 


v“i: 


'2n\ /2n-f4^'^/^ 


2 = 0 


2 + 4 


2n 


<v“i: 


2=0 

2n 


2n\ /2n + 4 


7-1-4 


(7.61) 




i=0 


2n + K 


l + K 


2 -( 2 n+K) ^ 42 «;^| 


where k := [5/2] G N*. Combining (7.60), (7.61) along with (2.4) implies (7.58). 

□ 


Our next result involves repeated application of the discrete integral maximum 
principle. 

Lemma 7.15. Let {M,d,p) he a quasi-b-geodesic metric measure space satisfy¬ 
ing {VD)ioc and {VD)ao- Suppose that a Markov operator P has a kernel p that is 
{h,h')-compatible with {M,d,p,) for some h > b. Further assume that P satisfies 
the Sobolev inequality (5.2). Define 

(7.62) ED{k,x) := J /i^(a;, 0 ) exp dz 

for all k G N* and x G M, where di{x,z) := max{d(x, z),h') and hk is defined by 
(7.44). There exists C,D > 0 such that 

(7.63) 
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for all X € M and for all fc S N*. 


I dz 


Proof. Let a; S M be an arbitrary point. The constants below do not depend 
on the choice of x. Define 

I{R,k) = I{R^k,x) •.= / h^{x,z)t 
Jb{x,r)^ 

for R> Q and k G N. We start by estimating I{R, k) using iteration. The iterative 
step is contained in the following estimate: There exists > 0 such that 

{R-rf 


(7.64) /(i?, n) < exp((/i') /I?i) /(r, fc) + exp I— 


2Di{n — k) 


h^{x,z)dz 


IM 


for all R, r satisfying R > r > 0, for all n G N* and for all k G |0, n — 1]. 
To prove (7.64), we define 

<7r{z) := max(i? — d{x, z), 0 ) + h'. 

Note that ctr is 1-Lipschitz with inf aR > h'. Define 


fk{z) := exp ( - 




Di{n + 1 — k) ^ 

for all 2 G M and all k G |0,n|, where Di is the constant from Lemma 7.13. Since 
fk > exp(—(/i')^/Zli) in B{x,R)^, we have 

(7.65) I{R,n)= [ hl{x,z)dz <exp{{h')^/Di) [ hl{x, z)fn{z) dz. 

JB{x,R)^ Jm 

By Lemma 7.13 and Proposition 7.12, we have 


(7.66) 


IM 


hl{x,z)fn{z)dz < / hl{x,z)fk{z)dz 

Jm 


for all k G |0, n]. Since afi> R — r in B{x, r) and fk < 1, we have 


h\{x,z)fk{z)dz = 


IM 


lB(z,rf 


hl{x,z)fk{z) dz + 


> B{x,r) 


hl{x,z)fk{z) dz 


(7.67) 


< I (r, k) + exp 

< I (r, k) + exp ( — 


(i? — r)^ 


Diln + 1 — fc)/ Jb{x, 
{R-rf 


hl{x,z)dz 


K{x,z) dz 


2Di{n - k)J Jm 

for all k G |0,n — 1| and for all i? > r > 0. Combining (7.65), (7.66) and (7.67), 
we obtain (7.64). Now by Lemma 7.14 and (7.64), there exists Ci > 1 such that 

(i? - rf \ Cl 


(7.68) /(i7,n) < exp((h') /Di) /(r,fc)+exp - lW /Ti 

V V ^Di{n-k)J V{x,Vk) 

for all n G N*, for all k G |0, n — 1] and for all i? > r > 0. 

Next, we show that there exists C 2 , C 3 >0 such that 


(7.69) 


I{R,k) < 


C 2 


V{x, Vk) 


exp 


R^ 


for all R > lOh' and for all A: G N*. By (4.10) and (7.44), we have I{R, fc) = 0 if 
R> {k + 2)h'. Hence it suffices to consider the case {k + 2)h' > R. 
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{R, - R,+iY 

2Di{kj - kj+i)J ■ 


Given any finite decreasing sequence of real numbers and any finite 

strictly decreasing sequence such that Ri = R,ki = k and I{Rjg,kjg) = 0, 

we can iterate (7.65) and obtain 

( 7 . 70 ) 

^ V(x,^kj+i) 

Let R > lO/i' and define 

Rj := R/2 + R/{j + l),tj := := \tj~\ 

so that Ri = R and fci = k. Let jo = min {j : Rj > h'{kj + 2)} (note that jo > 1 
since {k + 2)h' > R). By construction one has I{Rjg,kjg) = 0. Also, for all j < jo 
we have kj > Rj — 1 > R/2 — 1. Since R > 10ft.', we have 


1 / Ri 


f,-f,+i=f,/2>(%-l)/2>-(-^-3) >-(—-3) >1 


1 / R 


2 \ 2h' 


which means kj > for all j € |1, jo ~ 11- Therefore 

(7.71) kj - kj+i < k/V-^ - k/V + 1 = k/V + 1 < fc/2^-1 

for all j S |1, jo ~ 11- Using (7.71) and the identity 

R? 


{Rj Rj+i) — 


we obtain 

(7.72) 

where 


(j + 1 )2 (j+2 )2’ 


(77,>i(; + l). 


2Di{kj — kj+i) Cok 


Co := max + ^ (q, oo) 


Therefore by (7.70) and (7.72), we have 

io-i 


(7.73) 


IiR,k)<J2 


Ci 


■ exp 


Jih‘ 


r\2 


Di 


R^ 

Cok 


(j + 1) 


j^i U(a;, ^Jtjj-i) 

By (7.71) and (2.4), there exists Ci> 1 such that 

V{x,^) - " 

for all j S |1, jo — 11- Therefore 

V{x,y/h) _ V{x,y/h)V{x,y/h) V(x, y/t]) ^ ^j 

V{x,y/tj+l) V(x, y/h) V(x, y/h) V{x,y/tj + l) ~ 

Thus setting L := log(CiC 4 ), we obtain 

Gi , 1 


< 


V{x, y/tj + l) V{x,Vk) 

for all j G |1, jo — 11- Therefore by (7.73), we have 

?2 \ 30- 1 

(7.74) I{R,k)< 


exp(jL), 


1 


V{x, \/k) 




Cok 


3 = 1 


R^ 


Cok 


Di 
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for all R > 10ft.' and for all k G N* satisfying R < {k + 2)h'. We consider two cases. 
Case 1: Let 


Csk ^ Di 


> log 2 


In this case, by (7.74) we have 
1 


I{R,k) < 


V(x, \/k) 


exp 


\ 


jo-l 

^2-<< 

7 = 1 




Case 2: Let 


TGT-L-^-^ <log2 

C^k Di 


In this case we estimate I{R, k) differently as 

Cl 


I{R,k)< [ hl{x,z)dz 
J M 


< 


V{x, Vk) 


< 


2Ci 


V{x, y/k) 


, ^ {h'f 

exp L + -—— = 


Cfi 


L>i Cafcy V{x,y/k) 


exp 


R^ 

Csk 


Combining the two cases we have (7.69). 

Finally, we are ready to prove (7.63). Define for j G N, 


Af:= 


{z G M : di (x, z) < R}, j = 0 

{zGM:2^-^R<di(x,z)<2^R}, j > 1, 


and 

(7.75) 


ED{k,x) = '^ [ hl{z)exp( 
j=o ^ 


dl{x,z) 

Dk 


dz. 


For all D > 0 and for all R> h' the first term admits the estimate 


(7.76) 




hl{x,z) exp 


dj{x,z) 

Dk 


dz < 


Cl 


^ exp . . 

V{x,y/k) \Dk) 


R^ 


Now for the remaining terms we have 


(7.77) 


hl{x,z) exp 


dj{x,z) 

Dk 


dz < exp 


Dk 


I{V-^R, k) 


for all R > 10ft' and j gN*. By (7.69) 

I{V-^R,k) < 

Combining with (7.77) 


C2 


■ exp 


/-A? 


ft|(a;,z)exp 


V{x, Vk) 

dl{x,z)\ . , /4ii?^ 


Dk 


dz < exp 


C.k 


Co 


Dk J V{x,Vk) 


exp - 


C.k 


< 


Co 


■ exp 


(7.78) . ^ 

~ V{x,Vk) 

for all j G N*, provided D > 5 C 3 and R > 10ft'. Define 

(llft')2' 


Dk 


(7.79) 


D max ( 5 C 3 


log 2 
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Then by (7.75), (7.76) and (7.78) we obtain, for all R > lOh' 


(7.80) 


ED{k,x) < 


Cl fR^\ 


+ 


C2 

V{x, \/k) 


oo 


^exp 

i=i 


Dk ) ■ 


Given fc £ N* choose R so that R?'/{Dk) = log 2 which by (7.79) satisfies R > lO/i'. 
Therefore by (7.80), we conclude 


Eoik.x) < 


2Ci 

V{x,Vk) 


+ 


C2 

V{x,y/k) 


i=i 


< 


2Ci + C 2 
V{x, Vk) 


which is the desired estimate (7.63). 


□ 


We use Lemma 7.15 to prove a Gaussian upper bound for hk- 

Lemma 7.16. Under the assumptions of Proposition 7.1, there exists positive 
reals Cq , Dq such that 


(7.81) 


h2k{x,y) < 


Co 

V{x, Vk) 



d^ix,y) \ 
Dok ) 


for all x,y G M and for all k G N*. 

Proof. By triangle inequality and the inequality (o + b)^ < 2{a^ + 6^), we 
have 


(7.82) di{x,y)'^ < 2{di{x,z)^ + di{y,z)'^) 

for all x,y,z G M, where di{x,y) := max{d{x, y), h') as before. By (4.12), (7.82) 
and Gauchy-Schwarz inequality we have 

/o; \ /1 \ 2fe 


h 2 k{x,y) = ^ 


2=0 


< a 


-2 


Pz+2{x,y) 

^ (T) (0 Pi+-i{x,y) = J hk{x,z)hk{y,z)dz 


(7.83) 


<a-2 [ hk{x,z)hk{z,y)e‘^d^’^'^"/2Dk^d,{z,y)D2Dk^-d,{.,y)D^Dk^^ 

J M 

< a-^VEoik, x)EDik, y)e-dlU^y)CDk 

< a-^sjEoik, x)ED{k, I^Dk 


for all x,y G M, for all /c £ N* and for all D > 0, where a > 0 is from (4.11). The 
equality in the second line above follows from a calculation analogous to (7.59). 
The bound (7.83) and Lemma 7.15 implies that there exists Ci,Zli > 0 such 

that 


(7.84) 


h2k{x,y) < 


Cl 


(v{x,Vk)V{y,Vk)) 


1/2 


exp 


(Pix,y) \ 

Dik j 
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for all x,y € M and for all k € N*. However by (2.4), there exists C 2 ,C' 3 ,C '4 > 
0, 5 > 0 such that 


(7.85) 


V(x, Vk) ^ V(y,\/k + d(x, y)) ^ ^ ^ d{x,y) y 

V{y,Vk) ~ V{y,Vk) ~ ^ \ Vk J 


<C3 



S/2 

< Ci exp 


/ (P{x,y) 
V 2Dxk 


for all x,y G M. Combining (7.84) and (7.85) yields the desired Gaussian upper 
bound (7.81). □ 


7.4. Comparison with lazy random walks 

We want to convert the Gaussian bounds on hk given by Lemma 7.16 to Gauss¬ 
ian bounds on pk- To accomplish this we need the following elementary polynomial 
identities. 


Lemma 7.17. For all l3 > 0 and for all n G N*, we have the following polynomial 
identities 


(7.86) z" = ^ 

fcG|l,7i|,fe odd 


E 

fcG|l,n—l|,fc odd 


”“^)/3"-'-"(^-/3)'=-'(^"-2/3z), 


(7.87) 

'1 + z 


E 

fcG|l,n|,fc odd 


n\ f i + P 
k 


i-k /^\ k 


{z-Pf-^z 


fcG|l,n—l|,fc odd 


1 + /3 


n—l — k / -I \ k-\-l 




{z-Pf-^{z^-2f}z) 


where (z — /3)° = 1 and 


,.fc = (l + /3)-("-i-'=) ^ 

i—k-\-l 


n\ f i — 1 




n — 1 
k 


(7.88) 


Proof. Note that 

z" - {213 - zY' 


2(z-/3) 


+ (z2- 




for all zYY- To obtain (7.86), we expand z”, z”-\ (2/3- z)”, {2/3-z)^-^ in (7.88) 
using binomial expansion and the substitution 


z = (3 + {z — Y) and 2/3 — z = /3 — (z — /3). 
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To show (7.87), we use binomial expansion on (1 + z)^ and then use (7.86) to 
obtain 


(i+.)"=i+E: 


2=1 


= E 

^=1 A;G|Il, 2 l,fe odd 


n\ I 


oi—k 




E E 

fcG|l, 2 —l]l,fc odd 


(7.89) _ 

i=l fcG 

The coefficient of {z — j3)^~^z in (7.89) is 

n 

E 


n\ f i — 1 


P^-^-^{z- I3y-\z^ -2Pz). 


i—k 


:: 


oi—k 


E l Tl — k 

\ i-k 


Similarly, the coefficient of {z — Pf ~ (7.89) is 


i—k 


Di—k 


(1 + / 3 ) 


n—k 


E 

i—k-\-l 


n\ f i — 1 


Di—l — k 


> 


n — 1 
k 

n — 1 

k 

n — 1 
k 


E 

2=fc+l 

n 

E 

2=fc+l 

(i+/9y 


n fn — 1 — k 


i \ i — 1 — k 

n — 1 — k 
i — 1 — k 

i—l — k 


P' 


i—l — k 


oi-l-k 


This gives (7.87) with Sn,k > 

We are now prepared to prove Gaussian upper bounds for pk- 

Proof of Proposition 7.1. By Lemma 4.10 there exists /3 > 0 such that 
Uk,Vk ■ M X M ^ M. satisfy 

(7.90) Ufc(a;, y) := [{P - pifp 2 {x, •)] {y) > 0, 

(7.91) Vk{x, y) := [(P - /3J)'=(p3(x,.) - 2[3p2{x, •))] {y) > 0 

for all x,y G M and for all even non-negative integers k. For instance /3 = a/2 
where a is given by (4.11) would satisfy the above requirements. 

Using Lemma 4.2(c) and (7.86) of Lemma 7.17, we have 

Pn+i{x,y) = [P>i(a;,-)] (y) 

E (j]p'^-'‘uk-iix,y) 

fcC|l,n],fc odd 7 

+ E 

fcC|l,n—l|,fc odd 



(7.92) 


Vk-i{x,y) 
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for all n € N* and for all x,y G M. By (7.90), (7.91), Lemma 4.10 and Lemma 
7.17, we have 


h 2 n{x,y)= {{I + P)/2f'^p 2 {x,-) {y) 


>a 

k^ll,2n1,k odd 


2n\ fl + P 
k 


2n—k / \ k 


(7.93) 


E 


+ Cl > S2n,k 

l<k<2n—l,k odd 


1 + /3 


Uk-i{x,y) 

Vk-i{x,y) 


for all x,y G M. Define the ratio of coefficients in (7.92) and (7.93) as 


/ ^\ 2n—k 

(1) 


^ C7') ti) 

- and bln = — 


i+i 


(7.94) ak,n- ^i-n - (n-l-^i^n-l-l 

for each k G |1, n] and for each I G |1, / — 1|. If A: S |1, R — 1], then 

ak+i^n P 2n-k 


^k’, 


1 + /3 n — k 


Therefore ak+i,n > ak,n if and only if A: > n(l — /3). Thus ak,n reaches minimum 
for k = [ 71(1 — /3)]. By Stirling’s approximation there exists constant Ci > 0 such 
that for all r € N*, 


We use the Stirling’s approximation to estimate ak,n at k = n(l — /3) + e where 
e = |’n(l — /?)] — n(l — (3) G [0,1). There exists ci > 0 such that 

feG[l,nl 

^ C'f'^(2n)2"+(i/2)e-2"(^n - g)/3"+(i/2)-«e-/3'*+<= (l + jj'^i^+P)n-e 
— 22"7j"+(l/2)g-n('^('2^ + P) — e)"(l+/3) + (l/2)-ee“"(l+/5)+'^/3/5"“'^ 

> Cl 


for all n G N* satisfying n > 2//3. Therefore there exists C 2 > 0 such that 

(7.95) ak,n > C2 
for all n G N* and for all k G |1, A:]. Similarly, 

(7.96) bi^n = ^Ol+l.n > ^C 2 

for all n G N* and for all I G \l,n— 1]. Combining (7.90), (7.91), (7.92), (7.93), 
(7.94), (7.95) and(7.96), there exists C 3 > 0 such that 

(7.97) h2n{x,y) > C3Pn+i{x,y) 

for all n G N*, and for all x,y G M. Combining (7.97) along with Lemma 7.16 
yields the Gaussian upper bound (7.1). □ 


We have shown the following equivalence 

Theorem 7.18. Let {M,d,p) be a quasi-b-geodesic metric measure space sat¬ 
isfying {VD)ioc- Suppose that a Markov operator P has a kernel p that is {h,h')- 
compatible with (M, d, y) for some h > b. Then the following are equivalent: 
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(i) Sobolev inequality (5.2). 

(ii) Large scale volume doubling property {VD)oo and Gaussian upper bounds 
(GUE). 

Proof. By Corollary 5.11, (ii) implies (i). 

Next, we assume the Sobolev inequality (5.2). By Proposition 5.12 we have 
{VD)ao- In addition, by Proposition 7.1 we have {GUE). This proves (i) implies 
(ii). □ 


CHAPTER 8 


Gaussian lower bounds 


In this chapter, we use elliptic Harnack inequality and Gaussian upper bounds 
to establish Gaussian lower bounds. The proofs in this chapter is adapted from [45], 
In [45], Hebisch and Saloff-Goste provide an alternate approach to prove parabolic 
Harnack inequality using elliptic Harnack inequality and Gaussian upper bounds. 
This method avoids relying on the full strength of Moser’s iteration method in 
parabolic setting. 

Although [45] concerns diffusions on strictly local Dirichlet spaces, we will 
see that their methods can be extended to discrete time Markov chains on quasi¬ 
geodesic spaces. This extension was alluded to in [45] where the authors say “This 
route to the parabolic Harnack inequality seems especially valuable in the setting 
of analysis on graphs which is not covered by the present strictly local Dirichlet 
space framework. In fact, the results above originated from our desire to overcome 
some of the difficulties that appear in the case of graphs. This will be developed 
elsewhere.” 

The main result of this chapter is the following Gaussian lower bound. 

Proposition 8.1. Let {M,d,fj,) be a quasi-b-geodesic metric measure space 
satisfying {VD)ioc, {VD)oo, diam(M) = oo and Poincare inequality at scale h {P)h- 
Suppose that a Markov operator P has a kernel p that is {h,h')-compatible with 
respect to p. for some h > b. Then the corresponding kernel pk satisfies Gaussian 
lower bounds (GLE). 

Note that under the assumptions of Proposition 8.1, we have Gaussian upper 
bounds {GUE). This is a direct consequence of Theorem 5.1 and Proposition 7.1. 

We focus on the case diam(M) = oo just for simplicity. In fact, we expect 
these methods to work when diam(M) < oo. However when the space has finite 
diameter, it is important to find optimal constants (or close to optimal) for various 
functional inequalities. To compute these optimal constants, one has to exploit the 
specific structure of the Markov chain under consideration. We plan to address the 
finite diameter case in a sequel. 

8.1. On-diagonal lower bounds 

The first step is to obtain lower bounds on pk{x,x). It is well-known that 
Gaussian upper bounds implies a matching diagonal lower bounds. We repeat the 
proof for convenience. 

Lemma 8.2. Under the assumption of Proposition 8.1, there exists co > 0 such 

that 

Pnix,x) > — -^ 

for all X G M and for all n G N satisfying n > 2. 
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Proof. By Lemma 4.10 it suffices to prove the inequality for even n, since 
there exists a > 0 such that 

P2k+i{x,x) > ap2k{x,x) 
for a\\ X & M and for all fc S N*. 

Let n S N* be even. By Cauchy-Schwarz inequality and Lemma 4.2(c), we have 


Pnix,x)= pl, 2 ix,y)dy> Pl/2{x,y) 

Jm Jb{x,Vt) 


dy 


> 


1 


( 8 . 1 ) 


V{x,\/T) \JBix,VT) 

1 r 


Pn/2{x,y)dy 


V{x,Vt) I Jb{x,Vt)<^ 


Pn/2{x,y)dy 


for all T > 0 and for all n £ 2N*. 

By Theorem 5.1 and Proposition 7.1 we have {GUE). By {GUE), there exists 

Gi,G2 > 0 

d'^{x,y)' 


( 8 . 2 ) 


Pk{x,y) < 


Gi 

V{x, Vk) 


exp 


Cafe 


for all a;,!/ £ M and k £ N*. There exists C 3 > 1 such that for all A > 
max(l, ( 8 ( 72 ( 5 )^), we have 


lB{x,VAkf 


Pk 


{x,y)dy = 


^VAk<.d{x,y)<2^VAk 

^V{x,TVAk) 

— —777-TvT— 


Pk{x,y)dy 


^ V{x,\/k) 

00 / ^ 

< C 3 ^ exp f (5 log (2^VTj - 


00 


4*T 

4^ 

4M 


<C3^exp(<52*^-|^ 


00 


(8.3) 


<C3E 


exp 




4M\ 


< G 4 exp — 


A 


for all k £ N* and for all x £ M. We used (8.2) in the second line above and (2.4) 
in the third line. By (8.3), there exists > 1 such that 

(8.4) [ pk{x,y)dy < 1/2 

JB(x,y/Mk)^ 

for all k £ W and for all x G M. We choose T = 24i(n/2) in (8.1) and use (8.4) 
and (2.4), to obtain 

1 


Pn{x,x) > 


> 


Cl 


2 P(x, (7lin/2)i/2) - V{x,^) 

for all n £ 2N* and for all x G M. 


□ 
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The following lemma is a discrete time analog of [45, Lemma 3.7], where we 
transfer the on-diagonal lower bound given by Lemma 8.2 to on-diagonal lower 
bound for the ‘Dirichlet kernel’ on a ball B defined in (4.27). 

Lemma 8.3. Under the assumptions of Proposition 8.1, there exists c > 0 and 
A > max(l,/i') such that 




V{x,y/n) 

for all X S M, for all n S N* with n > 2 and for all r > Ay/n 

Proof. We abbreviate B{x, r) by B. We denote the exit time from ball B by 

T ;= min {A: : Xk ^ B} 


where {Xk)keN is the Markov chain driven by the kernel pk- 

By strong Markov property, the Dirichlet kernel p^ can be expressed in terms 
of Pk as 

(8.5) (x, x) Pji(^X,x) Ea; [Pn—T(^r j ^)1 |l,n—1] (’^)] 

for all n > 2 and for all x G M, where E^, denotes that Xq = x. If we choose 
A > h', by (4.10),we can rewrite (8.5) as 

(8.6) Pni.X,x) = Pn{x,x) - [p„-r (d^r, 3^) 1 [ 2 .n- 2 ] (t)] 

for all n > 2 and for all a; G M with B = B{x,r) satisfying r > h'. For the first 
term in (8.6), by Lemma 8.2, there exists ci > 0 such that 


for all x G M and for all n > 2. 

We use Gaussian upper bound [GUE) to estimate the second term in (8.6). 
There exists Ci,C2,Cz,Ci,5 > 0 and such that 


Ea; [pf_^(X^,y)l|i,„_i](T)] < sup sup 


Cl 


„-d{x,vfl{C2l) 


Ie[ 2 ,n- 2 ] y^B{x,r) V{x,Vl) 


< sup 


Cl 


( 8 . 8 ) 


< 


< 


;G[ 2 .n- 2 l V{x,\'l) 
Ca 


,-(A=n)/(C20 


sup 

V[X, y/n) ;g[ 2 ,n- 2 ] 
C4 

A^V{x, i/n) 


(n/O'^/^f 


-(A'^n)/{C2l) 


for all x € M, for all n > 2, for all A > h' and for all B = B{x, r) with r > A^/n > 
h'. In the first line above we used (8.2), in the second line we used d{x,y) >r> 
Ay/n and in the third line we used (2.4). 

Clearly we can choose A > h' large enough such that C^/A^ < ci/2. Therefore 
by (8.6),(8.7) and (8.8), we obtain the desired bound. □ 
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8.2. Spectrum of the Dirichlet Laplacian on balls 

Our next result is a bound on the spectrum of Pb or alternatively on the 
Dirichlet Laplacian Ap^,. The following Proposition is a discrete time analog of 
[45, Theorem 2.5]. However unlike [45], we cannot apply the stronger Sobolev 
inequality (5.1). 

Proposition 8.4. Let be a quasi-b-geodesic metric measure space 

satisfying {VD)ioc, {VD)oo and Poincare inequality at scale h {P)h- Suppose that 
a Markov operator P has a kernel p that is (h, h')-compatible with respeet to pL for 
some h > b. Then there exists positive reals a, cq such that 

(^•9) 11 Pfi(x.r) [In ,2 * sup 1111 2 — ^ 2 

for all X £ M and for all r £]& satisfying r > h' and r < cq diam(M). 


Proof. We abbreviate the ball B{x,r) by B. Note that Pb is a contraction 
in Lf{B), that is ||Pb|| 2_,,2 < 1- Since Pb is a bounded, self-adjoint operator in 
L'^{B), by [18, Proposition 2.13] we have 


( 8 . 10 ) 


||-Pb||2-).2 


sup 

feL^B),f^Q 


\{f,PBf)B\ 

ml 


where (•, •)p denotes the inner product in L‘^{B). Therefore it suffices to show that 
there exists positive reals a, cq such that 


( 8 . 11 ) 



{f,PBf)B ^ ^ _ ff_ 

WfWl ~ 


for all / £ Lf[B) and for all B = B{x, r) with r > h' and r < eg diam(M). 

We prove (8.10) in two steps. We start with the proof of upper bound in (8.11). 
With slight abuse of notation, we consider L'^[B) C Lf{M) using the map given 
by (4.29). By this identification, a function / £ Lf{M) with supp(/) C B can be 
considered to be in Lf{B). 

By Lemma 4.22(a), we can rewrite the upper bound in (8.11) as 


( 8 . 12 ) 


£{f,f) _ _ mil-if, PBf)B ^ a 

WfWl WfWl WfWl 


Since f(|/|,|/|) < S{f,f), in order to show (8.12) it suffices to consider the case 
/> 0 . 

By (5.25) and (5.26) of Proposition 5.5 along with Lemma 4.20(b), there exists 
Cat > 0 such that 


(8.13) 


||p/||2+(4/5) < 


Cnt^ 
V{x, 


(^*(/,/) + ^-" 11 ^/ 112 ) Wft/' 


for all X £ M, for all r > 0 and for all functions / £ Lf{Ad) supported in B{x, r). 
By (8.13), we have 


(8.14) \\pf\\: 


( \\pf\\ 


4/s 
2 _ 

4/5 

1 


Cn 


CNjKrf 

V ( x , KrY /^ j ~ V { x , KrY /^ 


< 


(11/112-11^/112) 
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for all X G M, for all r > 0, for all > 1 and for all functions / € L^{M) supported 
in B{x, r). If / > 0 , we have 


IIP/ll, = (P/, !) = (/, PI) = (/,!) = 11/11,. 


Hence by Holder inequality, (4.10) and (2.4), there exists Ci > 0 such that 
(8.15) ll/ll, = IIP/II, < iV{x,r + IIP/II 2 < C^Vix,ry/^ \\Pf\\^ 


for all / > 0 with / S L'^{M) and supp(/) C B{x,r) and r > h'. Combining (8.11) 
and (8.15), we have 

(8.16) ||P/||^ < CNiKvf (\\f\\l - WPfWl) 

for all PT > 1, for all r > h', for all a; G M and for all / G L^{M) with supp(/) C 
B{x,r) and / > 0. By Lemma 2.12, there exists PT > 1 such that 


(8.17) 


CNV{x,rr/^ 14/5 

V{x,Kr)y^ 2 1 


for all X G M, for all r > h' and all r < diam(M)/Pr. Combining (8.16) and (8.17), 
there exists eo = K~^ > 0 ,€2 > 0 such that 

( 8 . 18 ) 11^^/112 (11/112-11^/112) 

for all X G M, for all / G L'^{M) with supp(/) C B{x,r) and / > 0, where r 
satisfies r > h' and r < eodiam(M). By Lemma 4.20(a) and (8.18), there exists 
a > 0 such that 

(8.19) 

£ifj) > g(i/u/i) > g*(i/u/i) ^ i > 1 > ^ 

II/II2 ■ II/II2 ■ 2111/111^ 2 ^^ ||/||2 )- 2 {l + C2r^)-r^ 


for all X G M, for all / G Lp'{M) with supp(/) C B{x,r), where r satisfies r > h' 
and r < eodiam(M). Therefore by (8.12) and (8.19), there exists eo > 0 and a > 0 
such that 


( 8 . 20 ) 


{^PbDb ^ 1 

II/II2 ■ 


for all / G L‘^{B) and for all B = B{x,r) with r > h' and r < eodiam(M). By 
integration by parts (6.31) and symmetry of pi we have 


SifJ)+£m,\f\) = l [ [ Pi{x,y)[{y.yff + {yM^]dydx 

^ JM J M 

(8.21) - / / p fiyf)<^ydx = 2\\f\\l 

JM JM 

for all / G L‘^{M). Combining (8.19) and (8.21), there exists a, eg >0 such that 


( 8 . 22 ) 


g(l/U/l) ^o g 

II/II2 ■ II/II2 ■ 


for all X G M, for all / G L'^(M) with supp(/) C B{x,r), where r satisfies r > h' 
and r < eodiam(M). Therefore by (8.22) and Lemma 4.22(a), there exists cq > 0 
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and a > 0 such that 


(8.23) 


ml 



for all / G L^{B) and for all B = B(x,r) with r > h' and r < eodiani(M). 
Combining (8.20) and (8.23) yields (8.11), which along with (8.10) implies (8.9). □ 


Remark 8.5. 

(a) A simple consequence of Proposition 8.4 is that there exists a, eo > 0 such that 

Spectrum(PB) C [— (l — ar“^) , 1 — ar“^] , Spectrum(Ap 3 ) C 2 — ar“^] 

for all a; G M and for all r satisfying r >h' and r < eg diam(M). 

(b) If diam(M) = oo, then for all balls B = B{x, r) with r G (0, oo), we have 

\\Pb\\2^2 < 1 - 

The case r > h! \s clear from Proposition 8.4. The case r < h' follows from 

II^b|I2—>-2 — II2—>.2' 

(c) Note that if diam(M) < 00 , then the conclusion Proposition 8.4 is vacuously 
true as one can choose eg = /i'/(2 diam(M)). However if h' <C diam(M) and if 
we have good control of the constants in various functional inequalities, we can 
prove useful estimates which in turn yields applications to estimates on mixing 
times. We will extend the techniques developed here to finite diameter spaces 
elsewhere. 

(d) Note that the condition r < eg diam(M) is necessary. Too see this consider the 
case when diam(M) < 00 and B{x,r) = M. It is clear that (8.9) fails to be 
true because PBi.,r)l=l. 

8.3. Near diagonal lower bound 

As in [45, Proposition 3.5], the following near diagonal estimate is an important 
step in obtaining Gaussian lower bounds. 


Proposition 8.6 (Near diagonal lower bound). Under the same assumptions 
as in Proposition 8.1, there exists positive reals ei,ci such thatpk satisfies the lower 
bound 

.24) inf Pk[x,y)>--^ 

y^B{x,eiy/k) ^ 


\/fc) 


for all X G M and for all fc G N* satisfying k > 2. 


From the above near diagonal lower bound, we will see that the Gaussian lower 
bound follows by a well-established ‘chaining argument’. 

The idea behind the proof of Proposition 8.6 is to convert the elliptic Holder¬ 
like regularity estimate (Proposition 6.20) into a parabolic Holder-like regularity 
estimate for the function {k,y) 1 —>■ pmx,y) as follows: 

Lemma 8.7. Under the assumptions of Proposition 8.1, for all a > 0 and all 
A > I, there exists three positive reals Ca,A, co ^ A and Ag > 2 such that 

(8.25) |pf {x, y) - Pk (x, a;)| < 

for all X G M, k G N* with k > Nq and for all y G B(x, egVk), where B = 
B{x, A^/k) and a is the exponent in (6.87). 


O' + Ca A 


d{x,y) V 1 


mk J \ V{x,y/k) 
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The proof of Lemma 8.7 is long and involves many technical estimates. We will 
need some upper bounds on p^{y,z) and its ‘time derivative’ 

dkP^{y,z) :=pk+i{y,z) -pk{y,z) 


for all y,z € B. 

Lemma 8.8. Under the assumptions of Proposition 8.1, the following estimates 
hold: 

(i) There exists Ci,Di > 0 such that 

lo oGl B(x,A^/k) / \ , C*! / d(]J,Z 

for all X G M, for all k G N*, for all j > 2, for all A > 1 and for all 
y,z G B{x, Ay/k). 

(ii) There exists (72,(5 > 0 such that 



(8.27) 


d^pBUAVk)^y^z) 


< 


C2A^ 

kV{x, y/k) 


for all X G M, for all k G N> 2 , for all A>1 and for all y,z G B{x,Ay/k). 
(Hi) For all A > 1 V h', there exists e,ai > 0, such that for all 9 G (0,1), there 
exists Cg such that, 


(8.28) 


B{x,Ay/k) I \ , 

P,- Ay,z)< 


CgA^ 
V{x, y/k) 




Ql 

A^kJ 


V 


for all X G M , for all k G N* , for all j G N satisfying j > max(2, 9k) and for 
all y,z G B{x, Ayfk). 

Proof. The first inequality (8.26) follows from Proposition 7.1 and the in¬ 
equality < pj for all j > 2. 

For k > 20, we decompose k = ki + k 2 + k^ + k 4 such that ki,k 3 G 2N*, 
ki G N* and k > k/5 for i = 1, 2, 3,4. Note that, we require fci, fca to be even. We 
abbreviate B{x, Ayfk) by B. By Cauchy-Schwarz inequality and Lemma 4.22 and 
Lemma 4.20(b) there exists (74 > 0 such that 


\dkP^{yA)\ = \{{i- PB)Pk^+k2iyG)Ak3+kfz,-))B\ 

= {{I - PB)^^^Pk, + kfy^ •): (I - PB)^^^Pk3+kAz, ■))b 

< [£^{Pk^+k2iyG),Pk^+k2iyG)).£^iPk3+kfz,■),Pk,,+kAz,■))]^^^ 

< C4 [sf {Pk,^+kfy, )Aki+kfyi(Pks+kAzj ■))Pfc 3 +fe 4 (^>■))] ^ ■ 


(8.29) 
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Since fci is even and fci > A:/5, by spectral decomposition and Proposition 7.1 there 
exists Cs, Ce, (5 > 0 such that 


'Sf = (I - PBy^^PsPZiy^-) 


< 


(^_p2)l/2pfc, 


2-)-2 


< sup (1 - supp2k2{y,y) 

\AG[0.1] / yeB 

< C^k~^ sup 


1 


y^B{x,A^/%) V^) 


(8.30) 


Cs V{y, (A + l)Vk) 

- 1 =^ sup - -j= - 

kV (x, V k) yeB(x,AVk) y (y, V k) 


kV(x, Vk) 


for all k > 20, for all x € M, for all A > 1 and for all y S i? = B(x, A'/k). In the 
last line above we used (2.4). By (8.30) and (8.29), we obtain the desired bound 
(8.27) for k > 20. 

If 2 < fc < 20 , we use (8.26) and triangle inequality |clfcp^| < + pf to 

obtain (8.27). 

For the proof of (8.28), we use Proposition 8.4. As before we denote B{x, A'/k) 
by B. 

We first consider the case where j G N* is even. By Proposition 8.4, for each 
A > (1 V h'), there exists a > 0, e > 0 such that 


(8.31) 


sup pf {y, z) = sup 

y,z^B xGB 


pf/2iyG) 


2 

2 


tdJ I ^ 

^B 


2 

2—>-oo 


< 


^B 


2 

2^2 



2 

2—>-oo 


< 


(l - — 

V A^k 




supp2ji(2/,2/) 

yeB 


for all X G M, for all I < ji < (j/2), for all k G N*. We choose ji 
(8.31) and use (2.4) to obtain positive reals d > 0 and Cr = Ct{9) 


(8.32) 


sup p 2 ii {y, y) < 

y^B{x,A'>/k) 


_C2^_ 

Vix,Vk) 


|"0fc/4] in 


for all X G M, for all 9 G (0,1), for all A > I and for all k G N* where Ji = |"(0fc/4)]. 
For all 0 G (0; 1); there exists Cg = C8(9) > 0 such that 

. , / a \-2l{ek/4)] , a\-(.6kt2) 

(8.33) {}~~Apd -*^8 

for all k G N*, for all A > I V h'. Combining (8.31), (8.32) and (8.33), we obtain 
the bound (8.28) for all even j > 2N*. 

For all odd j G N* satisfying j > 3, we use the even case and the bound 
^^Py,zeBPf{y,z) < suPj^_ 2 gBpf_i(i/,z) to obtain (8.28). □ 
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Remark 8.9. The constants Ci, Ci, (72, Ce and ai in Lemma 8.8 do not depend 
on A, X and k. 


Proof of Lemma 8.7. One of the consequences of Proposition 8.4 as noted 
in Remark 8.5(b) is that ||-PB(x,r-)|| 2_,.2 < ^ all x € M and for all r S (0,oo). 
Therefore Ap^ : L^{B) —>■ L^{B) is invertible with inverse 

OC 

(8.34) Api =(/-Pp)-i=^P^. 

j=0 

Further the inverse Ap^ is bounded with || Ap^, || 2_,,2 < (1 — ||Pb|| 2 ->. 2 )~^' Moti¬ 
vated by this remark, we define ‘Green’s function on a ball’ 

OC 

(8.35) 

2=1 


for all balls B with ||Pb|| 2-;.2 ^ ^ V ^ By (8.34) and (8.35) 

Pk{y,z) = [Ap^Apspf (?/,•)] {z) = [ApldkP^iy,-]] (z) 

(8.36) = dkP^{y,z) + ( G^{z,w)dkP^{y,w)dw 

JB 

for all X G M, for all A > 1 V h' , for all y, z G R = B{x, A\fk) and for all k > 2. 
By (8.36) and triangle inequality, we obtain 

\Pk{x^y)-Pkix,x)\ < \dkP^{x,y)\ + |5fcp^(x,x)| 

(8.37) -I- j \G^{x,w) — G^{y,w)\\dkP^{x,w)\d'w 

JB 

for all X G M, for all A > 1, and for all y G B — B{x, Ay/k). We write the right 
side in (8.37) by splitting it into four parts as 

K = \dkP^{x,y)\ + \dkP^{x,x)\ 

Ii+ I 2 + J = [ \G^{x,w) - G^{y,w)\\dkP^{x,w)\d'w. 

J B 

where /i,/ 2 , J are terms corresponding to the integration over the sets 

ITi = |i(; G B : d{x,w) < , IL 2 = G B : d{y,w) < rj'/k'^ 


for Ji, I 2 and 


W = \ w G B : c?(x, w) > yy/k and d{y, 


for J, where p > 0 will be chosen later. 

As before, we will abbreviate B{x, Ayfk) by B. By Lemma 8.8(b), there exists 
(72 > 0, (5 > 0 such that 

'2C 7 

(8.38) a: < 2 sup \dkP^{y,z)\ < ^ < —— 

y,z&B kV{x,y/k) F(x, 

for all r > 0, for all A > 1, for all x G M and for all k G N* satisfying k >2 and 
k > (2(72A'*)/t. 


Vk) 
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Next, we bound /i and h- We treat I 2 in detail but the same estimate applies 
to Ii. By Lemma 8 . 8 (b), we have 


(8.39) 


I 2 < ( sup dkP^(zi,Z 2 )) [ {G^{x,w)+G^{y,w))dw 
\zi,z2eB J JW 2 

- n-\ f iG^ix,w)+G^{y,w))dw 

kV {x, V k) JW2 

for all k > 2. By Lemma 8 . 8 (c), there exists Cg > 0, ai > 0 such that 

/ G^{z,w)dw< / ^pfiz,w)dw+ V pf{z,w) 

Jw2 Jw2j^^ 


dw 


<ek+ 

j=iek\+i' 

GeA^ 


W 2 


pf (z, w) dw 


(8.40) 


< 9k + 

< 9k + 


V{x, \/fc) 

CsA^+^k 


( ai \Sk A^k 

9-^k) —'‘('’■y 

V{y,pVk) 


ait4(2;, '/k) 

for all X G M, for all A > 1 V h', for all 9 G (0,1), for all k G N* with k >2/9 and 
for all y, z G i? = B{x, Ay/k). For all y G B(x,A\/k), by Lemma 2.12 and (2.4) 
there exists C 3 > 1,7 > 0 such that 

(8 41 ) V{y,p\/k) ^ V{y,pVk) V{x,2Ay/k) ^ ^ 

V{x,Vk) ~ V{y,Vk) V{x,Vk) ~ 

for all X G M, for all A > I, for all y G B{x, A\/k), for all p G (0,1) and for all 
k gW with k > [b/pY- 

For all r > 0, we choose 9 G (0,1) and p G (0,1) such that 

18421 9 <^— r 

^ - AG 2 AS ’ ai - 4C2A'5 ■ 

Given the above choice of 9,p, for all r > 0, for all Al > 1 V h', by (8.39), (8.40), 
(8.41) there exists Ni>2 such that 

T 


(8.43) 


max(/i, 12 ) < 


V{x, y/k) 

for all X G AI and for all k G N* with k > Ni. By (8.38) and (8.43), for all 
a > 0,A> IV h' there exists N 2 > 2 and p G (0,1) such that 


(8.44) 


K + h+l2< 


V(x,^) 

for all x G M and for all fc G N* with k > N 2 . 

It remains to handle J. For the rest of the proof, we fix the choice of y G (0,1) 
from (8.42). Since Pi{x, ■) is only defined up to /r-almost everywhere, so is G^{x, •). 
However since pf {x, •) is a genuine function for all j > 2, by (4.10) we can redehne 
G® in (8.35) as 

00 

G^{y,z) = Ypf(y^^) 

1=2 


(8.45) 
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for all y,z £ B with d{y,z) > h'. In other words G^{y,-) can be defined as a 
genuine function in S \ B{y,h') with G^{y,z) = G^{z,y) for all y,z £ B with 
d{y,z) > h'. Further the function 

z^G^{w,z) = G^{z,w) 

is P-harmonic in B{y, d{y, z) — 3h'), whenever y £ B, B{y, d{x, w) — 2h') C B and 
d{y,w) > 3/i'. Therefore for all x £ M, for all ^ > 1 and for all k £ N* with 
k > {6h'/r])'^, for all w £ B{x, Ay/k)\B{x, yVk), the function z i-A G^^^’^'^\z,w) 
is P-harmonic in B{x, riy/k/2). By the Holder-type regularity estimate for harmonic 
functions (Proposition 6.20), there exists C 4 > OjfVa > 2 V {6h'/ri)^,a > 0, eg £ 
( 0 , 77 / 2 ) such that 

(8.46) \G^ix,w) — G^iy,w)\ < G 4 [ ^ sup G^{z,w) 

\ Tfyk J z^B{x,r]y/kj2) 

for all x £ M, for all y £ B{x,eQy/k), for all A > 1, w G B{x,Ay/k) \ B{x,T]Vk) 
and for all k £ N* with k > N^. 

Following (8.46), we need to estimate G^{z,w). 

For all z,w £ B such that d{z,w) > h', we have 

k 00 

G^{z,w) = '^pf{z,w) + P^(z,w). 

j=2 j=lc+l 


For the first term, by Lemma 8 . 8 (a) and (2.4) there exists Ci, Pi, Cs, Ce > 1 and 
(5 > 0 such that 


Ypf(.z,w) < Y 


Cl 


3=2 


3=2 


Viz,^) 


exp 


d{y,zf\ V{z,2Vk) 


ddij J V{x,Vk) 


(8.47) 


< 


C, 


V(x,Vk) 


Gek 

V{x, Vk) 



for all z £ B(x,\/k), for all in G P such that d{z,w) > r]y/k/2 > h' . To obtain 
(8.47) above, we used that the function t 1 —>■ exp(—?7^t/(4Pi)) is bounded in 

( 0 ,oo). 

Next, we bound pj for large values of j. By Lemma 8 . 8 (c) there exists Cr > 0 
such that 


(8.48) 


00 

Y ^ C7 

3 = k+l 


A^ 


00 


V{3 


’ '^) j=k+l 


1 - 


Qi y 

A'^k) 


< 


GrA^+'^k 

aiV{x, yfk) 


for all fc G N*, A > 1, for all x £ M and for all z, in G P = B{x, A^/k). 

Combining (8.46), (8.47), (8.48) along with Lemma 8 . 8 (b) and (2.4), for each 
A > 1 and any choice of ry G (0,1), there exists Cg > ^4 > 2, cq G (0,1) 

(depending on A, rj) and a > 0 such that 


\G^ {x, w) 


G^iy,w)\<Gs 


( d{x,y) V 1 

V Vk 


cx 


1 


(8.49) 


V{x, i/k) 
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for all X G M, for all y G B{x, eoVk) and for all fc G N* satisfying k > 7 V 4 , where 
B = B{x,A\/k) and a is as in (6.87). Combining (8.44) and (8.49), we obtain the 
desired estimate (8.25). □ 

Now, we are ready to prove the near diagonal lower bound using Lemma 8.7 
and Lemma 8.3. 


Proof of Proposition 8.6. By Lemma 8.3, there exists A > IV/i' and c > 0 
such that 


(8.50) 


B(x,AVk) 

Pk 


(x, x) > 


c 

V{x, \/fc) 


for all X G M and for all k € N* with k > 2. By Lemma 8.7, there exists Ci > 
1, A^i > 2, e G (0,1), a > 0 such that 


(8.51) 


\Pk{x,y) -Pk{x,x)\ < 



/ d{x,y) V 1\“' 

\ Vk J _ 


1 

V{x, Vk) 


for all X G M, for all fc G N* with k > Nq, for all y G B{x, eVk) where B = 
B{x, A\/k). Next, we choose ei G (0,e) and Ni > Nq such that for all k > Ni, we 
have 


/eiVk V 1 

\^7r~ 


< Cl max(e“, ^ |- 


By the above choice of ei,fVi along with (8.50),(8.51) and the triangle inequality, 
we have 


inf pf("’'^^)(x,y)> 

y&B(x,eiVk) 


C 

3P(x, Vk) 


for all X G M and for all k £ N* with k > Ni. Since pf < Pfe, the above equation 
yields the desired near diagonal lower bound (8.24) for all k > Ni. 

If k G |2,7Vi|, then we reduce e if necessary so that e < h/y/Wi. Hence 
d{x,y) < eVk and k < Ni implies d{x,y) < h. Therefore by (4.12) of Lemma 4.10 
and (4.10), we obtain (8.24) for all k G |2,7Vi|. □ 


8.4. Off-diagonal lower bounds 

The near diagonal lower bound of Proposition 8.6 can be easily upgraded to 
full Gaussian lower bounds (GLE) by a well-known chaining argument (See [44, 
Theorem 5.1], [27, Theorem 3.8]). For general quasi-geodesic spaces, we rely on 
the chain lemma (Lemma 2.6). We now prove the main result of this chapter, i.e. 
Gaussian lower bound. 


Proof of Proposition 8.1. By Lemma 2.6 there exists Ci > 1 such that 
for all bi > b and for all x, p G M, there exists a 5i-chain x = xo, Xi, ..., Xm = y 
with 


(8.52) 


m < 


Cid{x,y) 

bi 


By Proposition 8.6, there exists e > 0, ci > 0 such that 


(8.53) 


inf Pk{x,y)> 

y£B{x,ey/k) 


Cl 

V{x, \/fc) 
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for all x G M and for all fc > 2. If 


(8.54) 


Cie^k 
C2d{x,y) 


then there exists a s-chain x = , Xm = 


(8.55) 


m := 


C2d{x,y) 

e^k 


- y between x and y with 
21 


However (8.54) holds whenever d{x,y) < c^k and C 3 < Cie^/C 2 &. If C 2 > 1 and 
d{x, y) > ey/k, we have 


(8.56) 


C2d{x,yf 


< 


2C2d{x,yf 

e^fc 


If d{x, y) < c^k and C 3 < e/ { 2 C 2 ), we have 


(8.57) 


m ~ C 2 d{x,yy ~ C' 2 C§ 


We fix C 3 = min ^e/-\/ { 2 C 2 ), C'ie^/C 2 &^, so that ( 8 .54),( 8 .55) and (8.57) are satis¬ 
fied. We will fix (72 > 1 later. 

We will require 


(8.58) 


d{xi,Xi+i) < s = 


Cit^k ^ e j k ^ e f k 
C 2 d{x,y) “ sV 2 m “ Sy _to 


for alH = 0,1,..., TO — 1 and for all k > m. We fix C 2 ■= 36(7^ > 1, so that by 
(8.56) we deduce 


(8.59) 


Cie'^k ^ e / ^ I ^ ^ ^ 

C 2 d{x,y) ~ 3 \AC 2 d{x,y)‘^J ~ 3 \ 2m “ 3y _to 


for all x,y G M and fc G N* such that d{x, y) > e\/fc and k/m > 2, where s, to is as 
defined in (8.54) and (8.55). Define ko,..., km-i such that 


ki ■— 

k 

or 

k 


m 


_m^ 


satisfying Consider the s-chain x = xo,...,Xm = y between x 

and y where s,to are given by ( 8 .54),( 8 .55). By (8.59) and definition of kt, for all 
Wi G B{xi, {e/3)^y[k/m\), for i = 0,1 ,...,to — 1 we have 


d{wi,Wi+i) < e^/[k/m\ < t\/ki. 


Therefore by (8.53), (8.57) and (2.5), there exists 04,05 G (0,1) such that for all for 
7 = 0,1,...,TO — 1, lUi G B{xi, (e/3)-\/[fc/TOj), we have 


(8.60) Pkiiwi,Wi+i) > 


Cl 


> 


04 


> 


C 5 


V{wi,\fki) V{wi, y/[k/m\) V{xi, y^[kjni\) 


for all x,y G M, k >2 satisfying d{x, y) > eVk and d{x, y) < c^k. 



































118 


8. GAUSSIAN LOWER BOUNDS 


Define Bi — B{xi, {e/?>)\k/m\). By Chapman-Kolmogorov equation and 
(8.60), for all x,y € M, k>2 satisfying d{x, y) > e\/k and d{x, y) < c^k, we obtain 

Pk{x,y) 

= ••• / P{xo,Wi)p{wi,W2) . ■ ■p{Wm-2,Wm-l)p{Wm-l,y)dWi . . . dWm-l 

Jm Jm 

/ ... p{xo,Wi)p{wi,W2) . . .p{Wm-2,Wm-l)p{Wm-l,y)dwi . . . dWm-l 

JBm-l JBi 


> 
(8.61) 
> 


1 'V^v{xi,{e/?,)^/\kJ^\) 


y(x, Tfc) V{xi,^/\kJ^) 

By (2.4), (8.56), (8.57) and (8.61), there exists 05,07 G (0,1) such that 


Pk{x,y) > 


(8.62) 


> 


V{x,^) 

1 

Vix,Vk) 


> exp 


2 C 2 d{x,yY log 06 


e^k 


V{x, ^fk) 


exp - 


d{x,yf 

C'jk 


for all x,y G M, k >2 satisfying d{x,y) > e^/k and d{x,y) < c^k. This yields 
{GLE) for the case d{x,y) > e\/k. 

The case d{x, y) < eVk follows from (8.53). This completes the proof of {GLE). 

□ 












CHAPTER 9 


Parabolic Harnack inequality 


In this chapter, we use the two sided Gaussian estimates on the heat kernel to 
prove parabolic Harnack inequality. Moreover, we show the necessity of Poincare 
inequality and large scale volume doubling using parabolic Harnack inequality. 

Based on ideas of Nash [64], Fabes and Stroock [31] gave a proof of parabolic 
Harnack inequality using Gaussian bounds on the heat kernel for uniformly elliptic 
operators on R". This idea of using Gaussian estimates on the heat kernel to prove 
parabolic Harnack inequality was extended in various settings [74, 68, 27, 10]. 
Delmotte [27] introduced a discrete version of balayage formula to prove parabolic 
Harnack inequality on graphs. We use a direct adaptation of Delmotte’s method 
to prove parabolic Harnack inequality. 

Recall that we defined caloric function as solutions to the discrete time heat 
equation d^u + Au^ = 0 in Definition 7.3. We introduce the parabolic Harnack 
inequality for non-negative caloric functions. 

Definition 9.1. Let (M, d, ji) be a metric measure space and let P be a Markov 
operator on Let 0 < C < 1 and 0 < < 02 < ^*3 < 04 - We that a fx- 

symmetric Markov operator P (or equivalently its heat kernel pk) on {M,d,fx) 
satisfies the discrete-time parabolic Harnack inequality 

^Ij ^2, 03, ^ 4 ) 

if there exists positive reals C, R such that for all x G M, r G M, a G N with r > R 
and every non-negative P-caloric function u : N x M —>■ ]R>o on 

Q = |a, a -I- L 04 ?'^J 1 X B{x, r), 

we have 

sup u < C inf u, 

Qe Qs> 

where 

Qe ■= Ia+ \0lr'^^,a+ L02r^Jl x B{x,Cr), 

Qe ■= Ia+ \93r‘^^,a+ L 04 r^Jl x B{x,C,r)- 

Remark 9.2. 

(i) The exact values of the constants C G (0,1) and 0i, 02,02, 04 are unimportant. 
For example, for graphs and length spaces if the parabolic Harnack inequality 
is satisfied for one set of constants, then it is satisfied for every other set 
of constants. The argument in [10, Proposition 5.2(iv)] can be adapted for 
graphs and length spaces in the above discrete-time setting. 

(ii) It suffices to consider the case a = 0 in the definition above by simply by 
shifting the function in the time component. 
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(iii) Analogous to Remark 7.4(b), if P is {h, /i')-compatible with (M, d, /i) we may 
only require the function u to be defined on a smaller domain. 

9.1. Gaussian estimates implies parabolic Harnack inequality 

In this section, we prove the following parabolic Harnack inequality using two 
sided Gaussian bounds. 

Proposition 9.3. Let be a quasi-b-geodesic metric measure space 

satisfying {VD)ioc- Suppose that a Markov operator P has a kernel pk that is 
weakly (h,h')-compatible with respect to pt for some h > b. Moreover, suppose that 
Pk satisfies two sided Gaussian estimate (GE). Then there exists rj G (0,1) such 
that P satisfies the parabolic Harnack inequality H(r]/2,Tf /2,Tf‘,2rf',Arf). 

First we start by verifying that Gaussian lower bound implies large scale volume 
doubling property. 

Lemma 9.4. Let {M,d,pL) be a quasi-b-geodesic metric measure space satisfying 
(yD)ioc- Suppose that a Markov operator P has a kernel pk that satisfies (GLE). 
Then {M,d,p,) satisfies {VD)oo- 

Proof. By {GLE) there exists ci, C 2 , C 3 > 0 such that 

Pu{x,y) > „ exp {-d{x,y)‘^/c 2 n) 

V{x,yjn) 

for all x,y G M satisfying d{x,y) < c^n and for all n G N*. Therefore there exists 
A^i > 1 such that 4-y/n < c^n for all n > Ni. By the Gaussian lower bound above 

1=/ Pn{x,y)dy> [ p„{x, y) dy > ci exp(-4/c2) 

Jm JB{x,A^/n') V'(x, yTZ) 

for all a; G M and for all n > Ni. Therefore there exists R := Nf such that for all 
X G M and for all r > R, we have 

V{x, r) > V{x, [rj) > ci exp(—4/c2)H(a;, 4[rJ) > ci exp(—4/c2)P(a;, 2r). 

□ 

We show the following near diagonal lower bounds as a consequence of two 
sided Gaussian bound {GE). 

Lemma 9.5. Under the assumptions of Proposition 9.3, there exists ci > 0, 
T] G (0, 1) and Rq > 0 such that for all x G M, for all r > Rq, for all y,z G B{x, ijr), 
for all k G N* satisfying (lyr)^ S^k < {2r]r)‘^, we have 

(9-1) Pk^''’''\y,z)> 

V {x 

Proof. We abbreviate B{x,r) by B. We denote the exit time from ball B by 

r := min {n : Xn ^ B} 

where (A„)„gf^ is the Markov chain on M corresponding to the kernel pk. 

By strong Markov property and /r-symmetry, the Dirichlet kernel p^ can be 
expressed in terms of pk as 

(9.2) Pkiy^z) = Pk{y,z) -Ey [pk-r{z, Xr)lll,k-l-l{T)] 


Vk) 





9.1. GAUSSIAN ESTIMATES IMPLIES PARABOLIC HARNACK INEQUALITY 


121 


for all n > 2 and for all x G M, where Ey denotes that the Markov chain starts at 
Xq = y. We choose i?o > (1 — so that by (4.10) 

[life —^r)l|l,fc—ll (t)] = Ey (z, Wt) l|2^/j;_2j (t)] 

for all y,z G B{x, yr), for all k > 2, for all x G M and for all r G K with r > Rq. 
Combining this with (9.2) and ^ B, we have 

(9.3) p^{y,z) >pk{y,z) - sup sup pi{z,w) 

IG [2,fc] w^B{x,r) 


for all y,z G B{x,r]r), for all k > 2, for all x G M and for all r G K with r > 

(1 - y)-^h'. 

Note that by Lemma 9.4 we have {VD)oc- Therefore by (GLE), (2-4) and 
k > (lyr)^, there exists C 2 , C 3 >0 and i?i > 0 such that 


(9.4) 


Pk{y,z) > 


Cl 


V{y,Vk) 


exp 


(2i1t)^ \ ^ C3 

C 2 {yry ) ~ V{x,Vk) 


for all X G M, for all r > Ri, for all y G (0,1), for all y,z G B{x,yr) and for all 
k gN* satisfying (yr)'^ < k. 

For the second term in (9.3) by {GUE), there exists Ci > 0 such that 


Pi{z,w) < 


Cl 

V{z,Vl) 



d{z,w)^ \ 

Gil ) 


< 


Cl 

v{z,Vl) 



( 1 -^)V \ 

Cil ) 


for all I G N* with I > 2, for all x G M, for all r > 0, for all y G (0,1), for all 
2 ; G B{x,yr) and for all w ^ B{x,r). Combined this with (2.4) and k < {2yr)‘^, 
there exists C 2 ,C 3 ,C 4,6 > 0 such that for all y G (0,1/2), for all x G M, for all 
z G B(x,yr), for all fc G N* satisfying (yr)^ < k < {2yr)^, for all I G |2, fc] and for 
all w ^ B{x,r), we have 


Pi{z,w) < 


C 2 


V{z,Vk) \l 


T ) exp 


< 


CsV 


,25 /^2 


(9.5) 


< 


V{x, y/k) \ I 
V{x, Vk) 


exp - 


Cil 


4Cil 


The second line above follows from 77 < 1/2 and (2.4) and the last line follows from 
the fact the function t i-A exp(—t/4Ci) is bounded in (0,oo). Combining (9.3), 
(9.4) and (9.5), there exists ci > 0 and Rq > 0 such that p^ satisfies (9.1). □ 


The following lemma provides a discrete time version of Balayage decomposition 
for the heat equation. 

Lemma 9.6. Let {M,d,p) be a quasi-b-geodesic metric measure spaee satisfying 
{VD)\oc- Suppose that a Markov operator P has a kernel pk that is weakly {h,h')- 
compatible with respeet to p for some h > b. Then for all x G M, for all r > h', 
for all ri such that 0 < ri < ri + h' < r, for all a,b G N, for all non-negative 
function u : N x M ^ R>o that is P-caloric in |a, x B{x,r), there exists a 
non-negative function x : fV x M —> R (depending on u) such that supp(u) C 
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|a+l, 6] X {B{x, ri + h') \ B{x,ri)) and for all y G B{x,ri) and for all k G |a, 6+l|, 

we have 

(9.6) 

P k—1 p 

u{k,y)= p^_^{y,z)u{a,z)dz+ ^ / p^_i{y,w)v{l,w) dw, 

JB { x , r - i _+ h ') i=a+l "'-^(^.''’1 + ^') 

where B = B{x,r). 

Proof. Denote by Bi = B{x,ri + h') and B = B{x,r). Define 


vi{k,y) = u{k,y) - / 
for all {k,y) € |a + 1, 6 + I] x B{x, ri + h'). Note that 


Pk-a{v^z)u{a,z)dz 


{k,y)^ f pt,{y,z)u{a,z)dz 
Jb^ 


Pi,-a-iiy^z)vi{a + i,z)dz 


is P-caloric in |a + 1,6] x B{x,ri). Since it > 0, by (4.10) we have i;i(a + l,y) = 0 
for all y G B{x,ri) and by maximum principle vi > 0 in |a + 1, 6 + 1| x B(x,ri). 

Next, we construct u : N x M —>■ R iteratively. We assume that supp(u) C 
|a + 1,6] X {B{x, ri + h') \ B{x, ri)). Define v{a + 1, y) = vi{a + 1, y) for all y G 
B(x,ri + h') \ B{x,r). 

Since vi is a difference of two P-caloric functions, we have vi is P-caloric in 
|a -|- 1, 6 | X B{x, ri). We repeat this construction iteratively by defining 

(9.7) Vi+i{k,y) = Vi{k,y)- 

J B{x,ri-\-h') 

for all {k,y) G |a -|- z -|- 1, 6 -|- 1] x B{x, ri + h') and 

v{a -I- z -I- 1, lu) = z;i+i(a -I- z -I- 1, zc) 

for all w G B{x, ri + h') \ B{x, ri) and z = 0,1,..., 6 — a — 1. By the same 
argument as above, Vi is non-negative and caloric in |a -|- z,6] x B(x,ri) for all 
z = 0,1,..., 6 — a -|- 1. Further 

(9.8) Ui{a + i, z) = 0 

for all z in B{x, ri) and z = 1, 2,..., b—a. Combining (9.7),(9. 8 ) and gives (9.6). □ 

We are now ready to prove the parabolic Harnack inequality. 

Proof of Proposition 9.3. Let zy G (0,1) be as given by Lemma 9.5. Note 
that for all r > 12h'/rj, we have yr — h' > 2?7r/3 > zy/2. Moreover for all r > \2h'/y, 
for all y G B{x, yr/2) and for all z G B{x, yr) \ B{x, yr — h') we have d{y, z) > 26'. 
Let Pi := 1 -I- max(Po, 12h’/y, 10/y) where Rq is the constant from Lemma 9.5. 
By the above remarks, (4.10) and Lemma 9.6, for all x G M, for all r > Pi, for all 
non-negative function u that is P-caloric in |0, [4zy^r^J| x B where B = B{x,r), 
there exists a non-negative function v supported in B(x,yr) \ B{x,yr — h') such 
that 

. k — 2 „ 

(9.9) u{k,y)= p^{y,z)u{a,z)dz + ^ p^_i{y,w)v{l,w) dw 

J B(x,r}r) JB{x,r]r) 


> B{x,r}r) 

for all {k,y) G |1, -f 1| x B{x,yr/2). 
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For some fixed x G M and r > Ri, we define 
(9.10) 

Qe ■= llv‘^r‘^/2], Li?Vj| X B{x,r]r/2),Q(S := ||■2^?V], x B{x,rirj2) 


and Q := |0, x B(x,r]r). 

By Lemma 9.4 we have {VD)ao- Therefore by Lemma 9.5 and (2.4) there exists 
Ci,C 2 > 0 such that for all x G M, for all r > i?i, for all y G B{x,r]r/2), for all 
z G B{x,r]r), we have 


(9.11) 


inf p?(y, z) > inf 

(fc,y)6Qe fcG I [27,2^21. [4^2 


Cl 


> 


Cl 


> 


C2 


V{x,\fk) V{x,2r]r) V{x,r)r)' 


Similarly by Lemma 9.5 for all x G M, for all r > Ri, for all y G B{x,pr/2), for all 
z G B{x, pr) \ B{x, pr — h'), for all I G [1, — 2] we have 


(9.12) 


inf Pk-iiy,z)> 


inf 


Cl 


(fc.y)GQ@ 


keU2ri^r^],[4:ri^r^]l V{x, \/{k — 1)) 


> 


C2 

V {x, pr) 


For upper bounds in Qe we simply use [GUE) as follows. By (GUE) and 
(2.5), there exists Gi,C 2 > 0 such that for all a; G M, for all r > Ri, for all 
y G B(x,pr/2), for all z G B{x,pr) we have 


(9.13) 


sup 

(fc,y)eQe 


Pk{y,z) < 


sup Pkiy,z)< 

{k,y)eQe 


Gi ^ G 2 
sup - -j=^ < 

(k,y)eQeV{y,\rk) V{x,pr) 


Similarly by {GUE) and (2.4), there exists Ca, (74, Cs, 5 > 0 such that for all x G M, 
for all r > Ri, for all y G B{x,pr/2), for all z G B{x,pr) \ B{x,pr — h'), for all 
(fc, y) G Q 0 and for alH G |1, fc — 2| we have 


(9.14) 


pf_i(y,z) <Pk-i(y,z) < 


C 3 

V(y, ./W^) 



d{y,zf \ 

Gsik-l)) 


^ C 4 f p^r^ 

- V{y,pr)[ik-l)) 


p 2 r ‘2 \ 

36(73(fc - 0 / 


< 


V{x,pr) 


The last line follows from the fact that the function t 1 —>■ exp(—1/(36(73)) is 

bounded in (0,oo) along with (2.5). 

Combining the inequalities (9.11),(9.12),(9.13) and (9.14) along with the bal- 
ayage formula (9.9) for all x G M, for all r > Ri, for all non-negative function u 
that is P-caloric in |0, [477^r^J]| x B{x,r), we have 

sup u(fc, y) < max((72, ( 75 ) inf u{k,y) 

(fc,y)GQe (fe.y)GQ@ 


where (5e,Qe are as defined in (9.10). Note that by Remark 9.2(ii), we have the 
desired Harnack inequality. □ 


9.2. Necessity of Poincare inequality and large scale volume doubling 

In the previous sections, we have obtain two-sided Gaussian bounds on the heat 
kernel and parabolic Harnack inequality assuming large scale volume doubling and 
a Poincare inequality. Now we show that large scale volume doubling and Poincare 
inequality are necessary to have two-sided Gaussian bounds on the heat kernel and 
parabolic Harnack inequality. The was first proved by Saloff-Coste in [69, Theorem 
3.1] using an argument due to Kusuoka and Stroock [55].Delmotte [27] followed the 
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same strategy in discrete-time setting for random walk on graphs. The following is 
an adaptation of the argument in [69, 27]. 

Proposition 9.7. Let be a quasi-b-geodesic metric measure space 

satisfying {VD)ioc- Suppose that a Markov operator P has a kernel pk that is weakly 
ih, h')-compatible with respect to p for some h > b and there exists rj G ( 0 , 1 ) such 
that P satisfies the parabolic Harnack inequality P[(r]/2,Tf‘/2,rf,2rf',Arf'). Then 
{M,d,p) satisfies (yD)oc and {P)h' ■ 


Proof. Let x G M and r > 0. Define u = Ux,r as 


r 1 if ; € | 0 , \ifr'^\ - I] 

u{l,y) = < lB(x.r)(2/) if I = [r]^r‘^\ 

[ /B(x.r.(fc)) iV’ dw if Z > . 

Note that u is non-negative and u-caloric in N x B{x,r). For /c G N*, we choose r 
such that rj^r^ = k. By applying H{r]/2, rf /2^ if, 2 t]^, Arf') to the function u, there 
exists Ch,Ni > 1 such that 


(9.15) 1 = u{k,x) < CHu{2k,x) = Ch [ pf^^’'^^'^\x,z)dz 

for all X G M, for all k G N* with k > Ni. Squaring (9.15) and applying Cauchy- 
Schwarz inequality we obtain 


^<Cf, 


' B{x,\/k/r)) 


^Bix,Vk/r,)^X,z) 


dz 


<CHV{x,'/k/r]) f {Pk^"'''^^'^\x,z)\ dz 

= ChV{x, y/klv)P2k'"''^^'^^ {x, x) 


for all T G M and for all fc G N* satisfying k > Ni. Therefore 

(9.16) 

for all cc G M and for all fc G N* satisfying k > Ni. 

Next we apply H{r]/2, 77 ^/ 2 , 77 ^, 277 ^, 477 ^) to the non-negative, P-caloric function 
{l,y) !->■ pi+ 2 {x,y) on |0, [ 477 ^r^J, x]il(a 7 , r) where r is chosen such that p^r"^ = 
k — 2 > k/2. Then there exists N 2 > max(4, A^i) such that for all k > Ni, we have 

(9.17) pk{x,x) < CHP2k{x,y) 

for all X G M, for all k > N 2 and for all y G B{x, 'JkjT). Integrating (9.17) over 
yGB{x, vW^), we obtain 

for all X G M, for all k > N 2 . Iterating (9.17) with y = x, we obtain 
(9.19) p 2 k{x,x) < CHP 2 l+ikix,x) 
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for all X € M, for all k > N 2 and for all I € N. Combining (9.16), (9.18), (9.19) 
along with < p 2 k , we obtain 


1 ^ 

V{x,r]-^Vk) ~ V(x,2^l'^^fk) 

for all I G N, for all x S M and for all A: G N satisfying k > N 2 . Next we choose I 
such that 2^/^ > 477 “^ so that there exists Ci > 1 such that 

V{x,4r]~^y/k) < CiV{x,rj~^Vk) 


for all X G M and for all A: G N satisfying k > N 2 . Therefore there exists i?i > 0 
such that for all r > Ri and for all x G M we have 

V{x,r) > V{x,r]~^ > C)“^C(x, 4?7 “^ ^/[ttV^) > Ci^V{x,2r). 

This completes the proof of {VD)oo- 

It remains to prove the Poincare inequality {P)h>- We start by showing a near 
diagonal lower bound for the ‘Dirichlet kernel’ ^Vk)^ 

By H{iri/2,if I2,jf ,2rf ,Arf) applied to the function {l,y) ^\x,y) 

that is P-caloric on |0,4A:| x B{x,r]~^Vk), we have 

(9.20) pf,("’''''^)(x,x)<C^ inf pft^'''^\x,y) 

yGB(x,\/k/2) 


for all k > N 2 and for all x G M. Similarly by H{ri/2^ b^/2, 2??^, 4?7^) applied to 

the function {l,z) i-A P 2 k+i that is P-caloric on |0,4A;] x B{x,f]~^\/k), 

we have 


(9.21) 


B(x^r) ^\/k) 

Psk 


(x, y) < Ch 


inf 

z^B{x^y/kj2) 


B{x,r} ^Vk) 
P4k 


iz,y) 


for all k > N 2 , for all x G M and for all y G P(x, y/k/2). Combining (9.16), (9.20), 
(9.21) and (2.4) there exists ci > 0 such that for all x G M and for all A: G N* 
satisfying k > N 2 , we have 

(£ 1 . 22 ) 

y,z^B{x,\/k{2) V (x, 

For a ball B = B{x,ri~^Vk), we define a Markov operator 


Vk)' 


Qsfiy) ■■= Psfiy) + (^1- j^pf (y, z) dz^ f{y) 

for all p G P and for all functions f on B. Note that unlike Pb, the operator Qb 
is conservative, that is 


Qb^b = Ifi . 
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For the rest of the this proof we abbreviate B{x,r] ^Vk) by B. By (9.22) for all 
B = B{x,ri~^'/k) satisfying k > N 2 and for all y £ B{x, '/kj2), we have 


Q%^ [f - Qtfiy)] iy) > Pit [f - Qtfiv)] iv) 


> 


> 


lB(x,y/k/2) 

Cl 


(/(^) - Q'Bf{v)fpt{y,z) dz 


V{x, y/k) JB{x,Vk/2) 


(/W-Qb/(2 /)) dz 


(9.23) 


> 


Cl 


/ ^ fB{x,Vk/2)) dz. 

JB(x.yk/ 2 ) ^ 


V{x, y/k) JB{x,Vk/ 2 } 


The first line above follows from Qsg > PbS for all g > 0, the third line above 
follows from (9.22) and the last line above follows from the fact that mean minimizes 
square error (3.2). By (9.23) along with (2.4) there exists C 2 > 0 such that for all 
X € M and for all fc £ N*, we have 


(9.24) 


/ Qlt [f - Ql^fiv)] (y) dy > / Qjt [f - Qffiy)] iy) dy 

'B JB{x,Vk/2) 

^ C 2 / (f{z) - fB(x,Vk/ 2 )) dz 

JB{x,Vk/2) ^ ' 


where B = B{x,r] ^\fk). 

By linearity of the operator : we have 

Qt [f - QBf{y)f iy) = (Qb^) iv) - {Qs/iy))" 

Therefore by the symmetry of the operator Qb and Qb^b = Is, we have 

/ Qf [f - Qtfiy)]\y)dy = {iB,Qjtf)L^iB) - IIQbAII.^b) 

= {QjtlB,f)LHB)-\\Ql^f\\l.(B) 

= \\f\\UB)-\\QBf\\l^^B) 


4k-l 


(9.25) 


= E {WbH 

1=0 


L^B) 


- llQs+V 


\l^{b)J ■ 


The identity 11/11^2(3) - \\QBf\\l2(^B) = II |Il2(b) along with the fact 

that Qb is a contraction in yields 
(9.26) 


IIQ^I 


LHB) 


-IIQbV 


B •f|lL 2 (B) 




for all I £ N. Combining (9.25) and (9.26), we obtain 

(9.27) [ Qi'=[/-Q|=/(y)]'(y)dy<4fc(||/||2.(^)-||QB/||i2(B)). 

J B 
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Using the inequality < 2a(a — b), we have 

\\f\\UB)-\\QBf\\UB)= [ {f{y)f-{QBf{y)?dy 

J B 

< 2 / f{y){f{y) - QBfiy)) dy 
JB 

= ff ifiy) - PB{y,z)dydz 

J B J B 

- 2 ^ - J^p^{y,z)dz^ {f{y)f dy 

(9.28) - f f ifiy) - fiz)f PB{y,z)dydz. 

J B J B 

Combining (9.24), (9.27) and (9.28), for all x G M, for all fc G N* with k > N 2 and 
for all / G L'^{M), we have 

[ (f(.z)-fB(a:Vk/ 2 )) dz^Ac^^kf [ {f (y) - f {z))^ p{y, z) dy dz 

JB{x,Vk/2) ^ ^ I >J JbJb 

where B = Therefore there exists R > 0,Ci,C2 > 0 such that for all 

X G M, for all r > i? and for all / G L'^{M), we have 

Lix^r) ~ ~ 

(9.29) <CiR'^ [ [ {f{y) - f{z)f p{y,z)dydz. 

J B{x,C2r) J B{x,C2r) 

By (4.10) and (9.29), we have the desired Poincare inequality {P)h'- D 

We now have all the ingredients to prove our main result in a slightly weaker 
form. 

Proposition 9.8. Let {M,d,p) be a quasi-b-geodesic metric measure space 
satisfying (UIl)ioc and diam(M) = + 00 . Suppose that a Markov operator P has a 
kernel p that is (h, h')-compatible with (M, d, /i) with either h = h' > b or h' > h > 
5b . Then the following are equivalent: 

(i) Parabolic Harnack inequality: there exists 77 G (0,1) such that P satisfies 
i^(?7/2,77V2,?7^ 2772 , 4772 ). 

(a) Gaussian bounds on the heat kernel: the heat kernel pk satisfies (GE). 

(Hi) The conjunction of large scale volume doubling property {VD)oo and Poincare 
inequality {P)h- 

Proof. The implication “(hi) implies (ii)” follows from Theorem 5.1, Propo¬ 
sition 7.1 and Proposition 8.1. (ii) implies (i) follows from Proposition 9.3. (i) 
implies (hi) follows from Proposition 9.7 and Corollary 3.17. □ 

Next, we answer the question raised in Remark 3.6. 

Proposition 9.9. Let (M,d,p) be a quasi-b-geodesic metric measure space 
satisfying {VD)\oc, {VD)oo, {P)h> for some h' > b and diam(M) = -Poo. Then 
{M,d,iT) satisfies {P)h for all h> b. 
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Proof. By Lemma 3.5 it suffices to consider the case b < h < h'. Consider 
the Markov chain with density 


p{x,y) 


(y) 

Q{x)Q{y)^Jy(x, h)V{y, h) 


that is symmetric with respect to the measure y!{dx) = Q{x)y{dx), where 


Q{x) 


f ^B{x,h}i'y) 

I M ^/V{x,h)V{y,h) 


y{dy). 


By {VD)ioc, there exists Ci > 0 such that 
(9.30) Cf ^ < Qix) < Cl 

for all X G M. Therefore the space {M,d,y') satisfies {VD)ioc, (PD)oo, {P)h' for 
some h' > b. Moreover by (9.30), p is weakly (/i, li)-compatible with {M,d,y'). 
By the same argument as Lemma 4.11, there exists I G N* such that pi is {h',lh) 
compatible with {M,d,y'). Therefore by Proposition 9.8 and Lemma 4.16 the 
kernel pfe satisfies (GE). The Poincare inequality {P)h for {M,d,y') then follows 
from Propositions 9.3 and 9.7. An easy comparison argument using (9.30) gives 
(P)/j for (M, d, p). □ 


The following is the main result of our work. 

Theorem 9.10. Let {M,d,y) be a quasi-b-geodesic metric measure space satis¬ 
fying {yD)\ac and diam(M) = +oo. Suppose that a Markov operator P has a kernel 
p that is {h,h')-compatible with (M,d,y), where h' > h > b. Then the following 
are equivalent: 

(i) Parabolic Harnack inequality: there exists rj G (0,1) such that P satisfies 

■ff(y/2,?7V2,^7^2p^4p2). 

(ii) Gaussian bounds on the heat kernel: the heat kernel pk satisfies {GE). 

(Hi) The conjunction of large scale volume doubling property {VD)oo and Poincare 
inequality {P)h- 


Proof. Combining Propositions 9.8, 9.7 and 9.9 yields the desired result. □ 

As announced in the introduction, we will show Theorem 1.4 and Theorem 1.3 
are covered by our results. Theorem 1.3 is clearly a special case of Theorem 9.10. 
So it remains to verify Theorem 1.4. 

Proof of Theorem 1.4. We need only to check the implication (c) implies 
(b) as the other implications follow as in Theorem 9.10. Although pi is only weakly 
{h, /i')-compatible to (M, d, p), by Lemma 4.11, Theorem 9.10 and Lemma 4.16, we 
have that pk satisfies {GE). □ 






CHAPTER 10 


Applications 


Perhaps the most important application of the characterization of parabolic 
Harnack inequality and Gaussian bounds on the heat kernel is the stability under 
quasi-isometries. 

Theorem 10.1. Let ^li) he a quasi-bi-geodesic metric measure spaces 

satisfying (PIl)ioc and diam(Mi) = -|-oo, for i = 1,2. Moreover we assume that 
{Mi,di, fix and {M 2 ,d 2 , qi 2 ) are quasi-isometric metric measure spaces. Suppose 
that a Markov operator Pi has a kernel that is (hi, h'i)-compatible with (Mi, di, jii) 
with h'i> hi > bi for i = 1,2. Then 

(i) The kernel corresponding to Pi satisfies (GE) if and only if the kernel corre¬ 
sponding to P 2 satisfies (GE) . 

(ii) The operator Pi satisfies the Harnack inequality H(r]/2, rj^/2, rf, 2r]^,Ar]'^) for 
some r] G (0,1) if and only if P 2 satisfies il(C/2, C^/2, 2^^, 4^^) for some 

CG (0,1). 

Proof. The is a direct consequence of Theorem 9.10 along with stability of 
(VD)oc, given by Proposition 2.20, stability of (P)h given by Proposition 3.16, 
Proposition 9.9 and Lemma 3.5. □ 

As mentioned in the introduction, it is a long standing open problem to prove 
such a stability result for elliptic Harnack inequality. A partial result in this direc¬ 
tion is obtained by Bass. In [12], Bass proves stability of elliptic Harnack inequality 
for weighted graphs under bounded perturbation of the conductances. However the 
weighted graphs were assumed to be transient and they satisfy certain regularity 
hypotheses. In [ 6 ], Barlow introduced the dumbbell condition that is stable un¬ 
der bounded perturbation of weights of a weighted graph and asks if the dumbbell 
condition is equivalent to elliptic Harnack inequality. 

Recall that we proved an elliptic Holder regularity estimate for P-harmonic 
functions in Proposition 6.20 and we used the regularity in the proof of Gaussian 
lower bounds (Lemma 8.7). There is an analogous parabolic Holder regularity 
estimate which follows from parabolic Harnack inequality. The proof is similar, 
for example the proof given in [72, Theorem 5.4.7] can be adapted for the present 
setting. Such parabolic Holder continuity estimates were first obtained by Nash 
[64]. 

Proposition 10.2. Let (M,d,p) he a quasi-b-geodesic metric measure space 
satisfying (VD)ioc and diam(M) = -l-oo. Suppose that a Markov operator P has 
a kernel p that is weakly (h,h')-compatible with (M,d,p) and satisfies parabolic 
Harnack inequality H(ri/2, r\^/2, 77 ^, 27^, Aif') for some rj G (0,1). Then there exists 
G > 0, R > 0 and a > 0 such that for all x G M, for all r > R and for any non¬ 
negative function u : N x M —>■ K. that is P-caloric in |0, [ 4 ? 7 ^r^J] x B(x,r) = Q, 
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we have the regularity estimate 

\u{ki,xi) - u{k2,X2)\ ^ C 

7- 7TTi -TTTTTT-~ ®^P 

{ki,xi),{k2,x2)el\2T,'^r'^],[4-n^r^]jxB{x,r) (,inax(_i, |fci - fc2| + ,^2jj r Q 

Note that we do not obtain continuity, because we do not have Holder continu¬ 
ity estimate at arbitrarily small distances. Another application of elliptic Harnack 
inequality is Liouville property for harmonic functions that was shown in Proposi¬ 
tion 6.19. 

Next, we turn attention to application of two sides Gaussian estimates (GE). Of 
course, the estimates given by {GE) has enough information to determine whether 
or not the the random walk is transient. The estimate given by [27, Proposition 
4.3] can be easily generalized to metric measure spaces in which case we obtain 


Proposition 10.3. Let be a quasi-b-geodesic metric measure space 

satisfying {VD)ioc and diam(M) = -|-oo. Consider a p-symmetric Markov operator 
P that is {h,h')-compatible with {M,d,p) for some h > b and whose kernel pk 
satisfies {GE). Then the random walk corresponding to P is transient if and only 
*/ 


( 10 . 1 ) 


E 


n 

V{x,n) 


< - 1-00 


for some x G M. 


It is easy to see that the convergence of the series in (10.1) does not depend on 
the choice of a; £ M. Unless the space is discrete, we do not have a ‘Green’s function’ 
as the Green operator A~^ = have a kernel as there is ‘delta mass’ 

singularity at the starting point. However, we may consider the off-diagonal part of 
the Green operator given by the “Green’s function” G{x,y) = The 

estimate given by [27, Proposition 4.3] can be again generalized as follows. 


Proposition 10.4. Under the assumptions of Proposition 10.3, there exists 
G > 0 such that 


(10.2) G Y. yT^^G{x,y)-.= Yp^i.^^y)<c Y 

n=\d{x,y)'\ ’ i=l n=\d{x,y)'\ 

for some x € M and for all y € M with d(x, y) > h'. 


V{x,n) 


As noted in [44, Theorem 9.1], the Gaussian estimate is sufficient to prove law 
of iterated logarithm in a weak form. The proof in [44] can be generalized for 
metric measure spaces. 


Proposition 10.5. Under the assumptions of Proposition 10.3, there exist 
G > 0 such that for all starting points Xq £ M 

c-.<itosupA(AA4 <c 

(nlog logn)^' 

almost surely, where {Xk)keN Is the Markov chain corresponding to P. 

We refer the reader to [44, Section 9] for other probabilistic applications in 
similar spirit. 

We sketch a possible application to mixing times of Markov chains that will 
be developed elsewhere. If the space has finite diameter the techniques developed 
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here can be used to prove upper and lower bounds on mixing times. In this case /r 
is a finite measure on M and can be normalized if necessary to be the stationary 
probability measure. Roughly speaking, in this case for (h, ft,)-compatible Markov 
operator on a space with diameter D, it takes {D/h)"^ steps of the Markov chain to 
get close to the stationary distribution /i. The Poincare inequality and Gaussian 
upper bounds can be used to obtain upper bounds on mixing time as outlined in 
[30, Lemma 2.1 and Remark 1 after Lemma 2.2]. For lower bounds on the mixing 
time one would need Gaussian lower bounds. We plan to address these questions 
in a sequel and obtain results complementary to those in [56]. We refer the reader 
to [28, 29] for other recent works in this direction. 

10.1. Harmonic functions with polynomial volume growth 

In [17], Golding and Minicozzi proved that the space of harmonic functions with 
polynomial volume growth with fixed rate on a manifold satisfying volume doubling 
and Poincare inequality is finite dimensional. As a corollary, they prove a conjecture 
of S. T. Yau on manifolds that asserts the above property for Riemannian manifolds 
with non-negative Ricci curvature. A recent surprising application of this result is 
an alternate proof of Gromov’s theorem on groups of polynomial volume growth 
due to Kleiner [53]. This new proof avoids the solution to Hilbert’s fifth problem 
(Montgomery-Zippin-Yamabe structure theory). To precisely state a theorem we 
need the following definition. 

Definition 10.6. For a metric measure space (M, d, /i) and a /i-symmetric 
Markov operator P on M, we define the space of P-harmonic functions with growth 
rate d as the vector space 'Hd{M,P) consisting of all P-harmonic functions u such 
that there exists C > 0,p £ M (depending on u) such that |u(a;)| < (7(1 -|- d{x,p)'^) 
for all X £ M. 

We have the following theorem that extends the result of Golding and Minicozzi 
to random walks on metric measure spaces. 

Theorem 10.7. Let {M,d,p) be a quasi-geodesic metric measure spaces satis¬ 
fying diam(M) = -|-oo, volume doubling hypotheses (FP)ioc, iyL>)oo o-nd Poincare 
inequality {P)h- Let P be a Markov operator that is (h, h')-compatible with (M, d, fi). 
Then the .space of P-harmonic functions 'H(i(M, P) with a fixed growth rate d is fi¬ 
nite dimensional for any d> 0. 

The proof of Golding and Minicozzi’s theorem in [17] relies on three ingredients: 
volume doubling hypotheses (VD), a Poincare inequality 1.7 and a reverse Poincare 
inequality for harmonic functions. We have all the three ingredients as we showed 
the reverse Poincare inequality in Lemma 6.14. A caveat is that we have to rely 
on weaker versions of all the three ingredients but nevertheless we will see that 
Theorem 10.7 can be proved using the techniques introduced of [17]. T. Delmotte 
adapted an alternate approach due to P. Li [57] to prove a similar statement for 
random walks on graphs satisfying doubling and Poincare inequality [26]. 

The next proposition below is a slightly weaker version of [17, Proposition 2.5]. 

Proposition 10.8. Let {M,d,p) be a quasi-geodesic metric measure spaces 
satisfying diam(M) = -|-oo, volume doubling hypotheses (FP)ioc, iVD)oo and 
Poincare inequality {P)h and let P be a Markov operator that is (h,h')-compatible 
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with (M,d,fj,). There exists e S (0,1) such that for all p G M, for all k > 1 
satisfying r > k/e and for all functions fi, f2, ■ ■ ■, fn G satisfying 


(10.3) 

for all i = 1 , 2 ,, n; 

(10.4) 


' B{p,r) 


ff dp = V{p, r) 


'B(p,r) 


hfj dp 


< 


V(p, r) 


for all 1 < i < j < n; and 

(10.5) / (ff + (2r)2|Vp/.h dp < eVip,r) 

J B(p,2r) ^ ' 

for all i = 1 , 2 ,... ,n, we have n < Af, where Af depends on k but does not depend 
onr>k/e or p G M. 


Proof. By Lemma 2.11 there exists Cd > 0 such that 


( 10 . 6 ) 


V{x,2ri) < V{x,ri) 


for all ri > 1 and for all x G M. Moreover if we set S := 


(10.7) 


V{x,r2) 

V{x,ri) 


<Cd 



log 2 Cd , we have 


for all a; G M and for all 1 < ri < r 2 . By Lemma 3.7 and (4.10), there exists 
constants Ca > 0 and A > 1 such that for all x G M, for all ri > 1, for all 
functions / G we have 


(10.8) f \f - fB{x,ri)f dp<CArl [ |Vp/|^d/i. 

^ ^ B{x,Ari) 

Let p G M, r > 0, k > 1 and k < er. Define 

ET 

(10.9) ■= T - 

where e G (0,1) will be determined later. 

Let xi,X 2 , ■. ■ ,x,j be a 2ro-iiet of B{p,r). We set 


(10.10) e := min ( —,--— - i . 

20C'y^C'|/^(4A + 1)^2 j 

Since e < 1/2 and r > ro > 1) by (10.6), (10.7), we have 

( 10 . 11 ) 

1 ^ y{xj,r) ^ V{xj,r) ^ V{xj,ro) V{xj,r) ^ / k^ V(xj,ro) 

CD~V{Xj,2r)~ V{p,r) ~ V{p,r) Vixj,ro) ~ ^ \e J V{p,r) 

for all j = 1, 2,..., p and for all r > 1. Since tq < ^ by Proposition 2.22(a), (10.11) 
and (10.6), we have 

( 10 . 12 ) '^V{xj,ro) < V{p,r + ro) < V{p,2r) < CDV{p,r). 

i=i 

By (10.11) and (10.12), we have 

(10.13) 


i^<CUk/eY. 
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Next we bound the overlap of the balls {B{xj,2Aro))^^.^^. Define 77 ( 1 /) as 

the cardinality of the set {j : y € B{xj,2Aro)}. If y G r]^l^^B(xj^,2Aro), then 
B{y, {2A+ l)ro) contains the disjoint balls B{xj^,ro) and hence 

viy) 

(10-14) Vix,^ , ro) < Viy, ( 2 A + l)ro) 

m—1 

However by (10.6), (10.7), for all y G M, for all such that y G B{xj^ , 2H.ro), we 
have 


(10.15) y(y,(2H+ l)ro) < , (4H + l)ro) < Cb( 4H + l)V(a;,„.,ro). 

By (10.14) and (10.15), we have 

(10.16) C := sup riiy) < Cni^iA + 1 )'^. 

y&M 


By Proposition 2.22 the balls B{xj,2rQ) covers B{p,r). We now partition B{p,r) 
into V disjoint subsets ^i, 5 ' 2 ,..., S,j, where Bixj,ro) fl Bip, r) C Sj C Bixj, 2ro). 
Let P = {xj : 1 < j < u} denote the finite set of points in Bip, r). For any function 
/ G (M), we set 


(10.17) 


kj ■= / 

Jb\ 


1 


Ai,-j '■— A fi dp — . o',/ 

lB{xj,2ro) ^ ^'^ 0 ) JB{xj,2ro) 


fidp. 


By Cauchy-Schwarz inequality, (10.11), (10.5), we have 

1 

}t dp < —— 

I B(xj,2ro) 

< Clik/eY 


^ / fl dp < y, , f 


ffdp 


1 


1 


Vip, r) 

(10.18) < Clk'^iklek 


I f^dp<Clik/ek-^ 

B(xj,2ro) Vip,r) 


'B{p,2r) 


ft dp 


for alH = 1 ,..., n and for all j = 1 ,..., u. 

Let A := : s G Z, |s| < 10C'£)A:(fc/e)‘^/^}. Next, we define a map fi 1 —>■ 

A4(/i)i where A4(/i) : P —?> A is a function from a finite set P to another finite set 
A. With a slight abuse of notation, we intepret the function Al(/i) as a piecewise 
constant function on Bip,r) that takes the value Aiifi)ixj) on Sj, where j = 
For all i = 1,..., n and for all j = 1,..., u, we define Mifi)ixj) G A as 
any closest point of A to Aip. By definition of A and (10.18), for all i,j we have 

(10.19) [Aij - Mimx.f < ^. 

Combining the Poincare inequality (10.8), (10.19) and Sj C Bixi,2Aro), we obtain 


\fi - Mif^)ixj)\^ dp 


< 2 


f \fi - Aijf dp + 2 f \Ai,j - Mifi)ixj)f dp 

JB{xj,2ro) S-i 


<8rlCA f \Vpfi\^dp 

J B{xj ,224ro) 


2 J.. , m(>s'j) 

200 
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for all z = 1,..., n and for all j = 1,..., v- Hence by (10.16), (10.5) and (10.10), 
we have 


' B{p,r) 


\f—M{mUfi<8rlCAC 


' S(p,2r) 




i=i 


KSj) 

200 


( 10 . 20 ) 


<2rQCACk‘^r ^V{p,r) + 


V{p,r) V{p,r) 


200 


< 


100 


By the triangle inequality along with (10.20), we obtain 


( 10 . 21 ) 


( f I/. - // -( [ |M(/0 - M{f,f dAil 

\JB{p,r) / \JB{p,r) / 

C \ 1/2 / \ 1/2 . - 

f \h-M{f.fdp] +([ \fj-M{f,fdA <^IX^ 

dB(p.r) / \JB{p,r) J » 


for all i ^ j. By (10.4) and (10.3), we have for i j 

/ r \ 

( 10 . 22 ) 


( [ \fi- // dp\ > ^V{p,r). 
\JB{p,r) ) 


Combining (10.21) and (10.22), for all i ^ j we obtain 

1/2 


([ - M{f,f dp] >0. 

\JBip,r) J 


Hence the map Ai is injective. Therefore by (10.13) 

n < |A|I^ = |Ar <M := ( 20 C'pA:(fc/e)' 5/2 

Note that the value of N does not depend on the value of p S M or r but only on k 
and the constants associated with doubling properties and Poincare inequality. □ 


Next, we recall the a result due to Golding and Minicozzi [17, Proposition 4.16]. 
We omit the proof as it is identical to that of [17, Proposition 4.16]. 

Proposition 10.9. Consider a metric measure space {M,d,p) satisfying the 
hypotheses (HZl)ioc, {VD)oc and diam(M) = +oo. Let P be a Markov opera¬ 
tor that is {h,h')-compatible with {M,d,p) for some 0 < h < h'. Suppose that 
ui,U 2 , ■ ■ ■ ,U 2 k S 'Hd(M,P) are linearly independent. There exists S > 0, p € M 
such that for all d > 0, il > 1 and mo > 0, there exists m > mo, I > and 

functions vi,... ,vi in the linear span of Ui such that 

(10.23) 2H4‘'+2'5h(p, H™) = / vfdp>[ vj dp 

JB{p,n”') Jb(p,q^+^) 

and 

(10.24) j ViVj dp = 5ipV{p,CL'^). 

Jb{p,q.^) 

In Proposition 10.9, we may choose 5 as the constant in (10.7). We are now 
ready to prove Theorem 10.7. 
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Proof of Theorem 10.7. Fix > max(4, d > 0 and p £ M. Let 
Cr be as given by Lemma 6.14 and set = (8 Cr + Let e £ (0,1) 

be given by Proposition 10.8. We choose uiq £ N* such that 0™“ > k/e. Let 
dim'Hd(M, P) > A/q := where Af is given by Proposition 10.8 where k is 

as defined above. 

Suppose that mi, W 2 ,..., uWo £ 'Hd{M,P) be linearly independent. Then by 
Proposition 10.9 and reverse Poincare inequality (Lemma 6.14) there exists Cr > 
0 and m > toq such that for all / £ L'^^{M,p), we have harmonic functions 
vi,V 2 , - ■■ ,vi satisfying 


(10.25) 

1 > = Af, 

(10.26) 

[ ViVj dp = V (p, H™)di j, 

(10.27) 

[ vl dp < 2 C'fiH^'^+2V(p, H™), 

JB{p,n^+^) 

and 


(10.28) / 

Jb{p,2Q‘ 

iVpv.f dp < [ v'f dp < H™). 

■") JB{p,4Q’^) 

Note that (10.26), (10.27), (10.28) and H > 4 implies that Vi,V 2 , ■ ■ ■ ,vi satisfy 
(10.3), (10.3) 

(10.29) ^ 

[ vf + dp < {8Cr + 2)n*'^+^^V{p,r) 


for alH = 1,..., Z. Note that (10.25), (10.26), (10.29) along with Proposition 10.8 
implies the desired contradiction. Therefore dim'Hd(M, P) < Mq < oo. □ 


Remark 10.10. Similar to [53], we can replace the volume doubling hypotheses 
{VD)ioc, {VD)ao of Theorem 10.7 by a weakly polynomial growth assumption on 
the volume growth. 


10.2. Directions for future work 


We end with a few directions for future work. One of the features of our 
work is that it provides an unified approach to Gaussian estimates for discrete 
time Markov chains on both discrete and continuous spaces. Recently, there has 
been considerable interest in analysis and probability on fractals and fractal-like 
manifolds and graphs. For many natural family of fractals the heat kernel satisfies 
sub-Gaussian estimates of the form 


Pt{x,y) 


Cl 


V{x,PlC) 


exp -C 2 


d{x,yf 


l/(/3-l)N 


for alH > 0 and for all x,y £ M and /3 > 1 is a parameter (See [11, Theorem 1.5(e)] 
for an early example). Here x means that both inequalities < and > hold with 
different values of constants Ci,C 2 - Similar to the characterizations of Gaussian 
estimates in [32, 69, 76, 27, 42] there exists various characterizations for sub- 
Gaussian estimates both in the setting of diffusions on local Dirichlet spaces [ 8 ] and 
for discrete time Markov chains on graphs [7, 9, 37, 38]. As in the case of Gaussian 
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estimates, it is desirable to obtain characterizations of sub-Gaussian estimates that 
are stable under quasi-isometries. This was achieved using a condition called cutoff- 
Sobolev inequality first introduced by Barlow and Bass [7] (See also [8]). Our work 
naturally raises an analogous question for sub-Gaussian estimates on Markov chains. 

Problem 10.11. Characterize sub-Gaussian estimates for discrete time Markov 
chains on quasi-geodesic metric measure spaces using geometric conditions that are 
stable with respect to quasi-isometries. 

Another direction for future work is to clarify the applications to mixing times 
in the finite diameter case as mentioned in Remark 8.5(b). 

As mentioned in the introduction, we state the problem concerning the stability 
of the elliptic Harnack inequality. 

Problem 10.12. Is elliptic Harnack inequality stable under quasi-isometries? 
If so, characterize the elliptic-Harnack inequality by geometric properties that are 
stable under quasi-isometries. 

We refer the reader to [12, 6] for partial progress and conjectures aimed at 
solving the above problem. 


APPENDIX A 


Interpolation Theorems 


In this appendix, we state Riesz-Thorin and Marcinkiewicz interpolations the¬ 
orems and refer the reader to the literature for a proof. 

Let T : (X, H-H^) —)> (E, IHIy) be a linear operator between normed linear 
spaces. We denote the operator norm by 

\\Tx\\y 




X^Y 


sup 

x^X ,x^0 


sup 

a:GA',||a:| 


= 1 


\\Tx\U 


If ^ fbe operator T is bounded. It is well known that T is 

bounded if and only if T is continuous. We abbreviate ||T|| as ||T||p_j^^. 


Theorem A.l (Riesz-Thorin interpolation theorem). Assume that (X, E,/i) 
is a a-finite measure space. Suppose I < po,Pi < oo, I < qo,<li < oo. Let 
T : LP° -\- LPi —7> -I- be a linear operator such that T : —>■ and 

—>• are bounded. Then 

for all 6 £ (0,1) where l/pg '.= (1 — 0 )/po -f d/pi and l/qe := (1 — d)/qo 9/qi. 


We refer the reader to [75] for a proof of Stein’s interpolation theorem which 
in turn implies Theorem A.l. 

Consider a ct- finite measure space (X, E,/i). The distribution function of / is 
defined by 

Xf{t) = p{x £ X : \f{x)\ > t} 

We denote weak space by For a measurable function / and 1 < p < oo, 
we define its norm by 

\ i/p 

supt^A/(t) ) 
t>o ) 

We say a measurable function / G if ||/||p„, < oo. Note that is not 
a true norm, since does not satisfy triangle inequality. If / £ then 

ll/llp < ll/llp u,- Therefore C LP’*". It is easy to check that LP''" in general. 

Theorem A.2 (Marcinkiewicz interpolation theorem). Let 1 < Po ^ <70 < oo, 
1 < Pi < qi < oo with qo qi. Let T be a linear operator from L\ L^ to the 
space of measurable functions. If T satisfies 

\\Tf\\^^^^<B,\\f\\^Jorallf£LPfi * = 0,1 

then 

— ^po.pi .go.91,61-^0 

for all 9 £ (0,1), where l/pg := (1 — 0)/po + 9/pi, l/qg := (1 — 9)/qo -f 9/qi and 
Cpo.Pi.go.gi.e < oo depends only on pQ,pi,qo,qi,9. 
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We refer the reader to [2, Theorem 2.58] for a proof of Theorem A.2. 


APPENDIX B 


Examples 


Here we collect various examples discussed earlier and supplement them with 
more examples, comments and pictures. 

Example B.l (Euclidean space with radial weights). We expand upon the ball 
walk described in Example 4.4 for specific metric measure spaces. If a weighted 
Riemannian manifold satisfies two-sided Gaussian estimates for its canonical diffu¬ 
sion, one might naively expect the same to hold for the ball walk. However this is 
not true in general because the measure /r' of Example 4.4 is not necessarily compa¬ 
rable to The measure fj,' might fail to satisfy either {VD)oo or {P)oo- Recall the 
example (M, d, fi) = (M", 11-112 , fJ-a) from Example 3.21, where /Xa = (1 + dx. 

Note that if a > 0 there is a drift away from the origin and if a < 0 there is 
a drift towards the origin. If /j, = one can verify that /r' = is comparable to 
M 2 a- Therefore the ballwalk accentuates the drift towards or away from the origin 
(See Figure 1). In light of the above observation along with Table 1, Theorem 1.4 




Figure 1. Density of fia and for the case a = 0.6 (left) and 
a = —0.6 (right) in R. Here is normalized to have density 1 at 
origin. 

and Proposition 3.20, if n > 2 and a G {—n, —n/2], then the canonical diffusion on 
(M", 11-112 I /-‘a) satisfies Gaussian estimates but the ball walk fails to satisfy Gaussian 
estimates because (M", ||-||2 ,A<q) does not satisfy {VD)oo- In the case n = 1 and 
a G [1/2,1), the canonical diffusion on (R, ||-|| 2 ,^a) satisfies Gaussian estimates 
but the ball walk fails to satisfy Gaussian estimates because (R, ||-||2 jML) not 
satisfy (P)oo- 

Even when both diffusion and ball walk satisfy Gaussian estimates for the 
transition kernels with respect to the invariant measures, the long term behavior 
might be different. For example, if n > 3 and if 2 — n < a < (2 — n)/2 then both 
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diffusion and ball walk on , d, Ha) satisfy Gaussian estimates for the transition 
kernels with respect to the invariant measures. However in this case the ball walk 
is recurrent but the diffusion is transient. 

For n G N*, the the ball walk on /Tq) is positive recurrent chain a < 

—nl2, null recurrent for —n/2 < a < (2 — n)/2 and transient if a > (2 — n)/2 (See 
[59, Proposition 10.1.1] and Proposition 10.3). However the canonical diffusion on 
(R”,d,/ia) is positive recurrent chain a < —n, null recurrent for —n < a < 2 — n 
and transient if a > 2 — n. 

Example B.2 (Complexes). Consider the Euclidean 2-complex in formed 
by the hyperplanes Hi^n = {{xi,X 2 , X 3 ) : Xi = n} where i = 1, 2,3 and n G Z. The 
metric is described by the intrinsic metric and the measure is the two dimensional 
surface measure. Dirichlet forms on such Riemannian complexes have been studied 
in [66]. This example satisfies both Poincare inequality (P)h for all h > 0 and 
Volume doubling {VD)ao- The geometry of the balls depend on the center (See 
Figure 2). 

The above example can also be viewed as a Cayley complex [43, p. 77] corre¬ 
sponding to the presentation 

Z^ = ( 01 , 02,03 I ai 020 j"^a^^, 02030 ^^ 0 ;^^, 03010 ^^ 0 ]"^) . 

More generally, consider a finitely generated and finitely presented group G = 
{S I R). Note that the 1-skeleton of the Cayley complex is the Cayley graph of 
{S I R) and the 2-cells (faces) are in bijection with G x R. We equipp each 2-cell 
with the the usual Euclidean metric on the regular n-gon with edges of length 1 and 
we endow the space with the measure obtained by equiping each two-cell with its 
Lebesgue measure. It is easy to verify that the Cayley complex is quasi-isometric 
to the Cayley graph of G with the quasi-isometry given by the natural embedding 
of the Cayley graph in the Cayley complex. By the stability of {VD)oo and {P)h 
under quasi-isometries, we have that ball walk on Cayley complexes of nilpotent 
groups (such groups are finitely generated and finitely presented) satisfy two sided 
Gaussian bounds. 



Eigure 2. Two balls (in intrinsic metric) with same radius but 
different centers in the Cayley complex of Z^. 

In Figure 3 we consider the 1-complex {(a;, y) G : a; G Z or y G Z} equipped 
with intrinsic metric. Note that the geometry of the balls depend both on the 
location of the center and the radius. 
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Figure 3. The blue lines shows the balls (in intrinsic metric) of 
various sizes while the red squares correspond to the balls. 

Next, we consider an example from [35, Example 3.14]. 

Example B.3 (Model manifolds/Surfaces of revolution). Given a smooth func¬ 
tion ip : (0,oo) —>• (0,oo), denote by M^p a model manifold. Here by model man¬ 
ifold, we mean equipped with the Riemannian metric in polar coordinates 
(r,6») G (0,-boo) X by 

ds^=dr^+i,{rfde^ 

where d6^ is the standard metric on and ip is a smooth positive function on 

(0, -boo). The necessary and sufBcent conditions under which ds^ can be smoothly 
extended to a metric on the entire space is given by 

ip{0) = 0 , ip'iO) = 1 , and ip”{0) = 0 

(see [35, equation (4.12)]). Therefore we may choose ip{r) = r“ where a G K for 
all r > 1 and extend it smoothly satisfying the above conditions. 

It is known that that with ip{r) = r“ for r > 1 satisfies parabolic Harnack 
inequality if and only if — 1/(A^ — 1) < a < 1. The Riemannian measure (in polar 
coordinates) is given by d/r = ip{r)^~^ dr dll. One can check that the reversible 
measure p,' for the ball walk satisfies dfi' = V{x, 1) d/i ~ ip{r)'^^^~^'> dr dO for the 
case q; < 0 and d/r' = V{x,l)dpL ~ d/r for the case a > 0 (see [35, p. 856]). 
Therefore the ball walk on the model manifold with ip{r) = r“ for r > 1 
satisfies the parabolic Harnack inequality and two-sided Gaussian estimates if and 
only if —1/2(A^ — 1) < a < 1. Using Lemma 2.12, it is easy to verify that 
with ip{r) = r“ for r > 1 equipped with the measure /i' fails to satisfy {VD)ao if 
a < —1/2{N—1). Therefore for the case — l/(iV— 1) < a < —1/2(A^—1), the model 
manifold Mp, defined above satisfies two sided Gaussian estimates for diffusion but 
fails to satisfy two sided Gaussian estimates for the ball walk. 

These model manifolds can also be considered as surfaces of revolution formed 
by the graph of the function ip (see [34, Section 5.1]). Similar to Example B.l, the 
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ball walk and diffusions may exhibit different behaviors in terms of null recurrence, 
positive recurrence and transience depending on a and N. 

Example B.4 (Bodies of revolution). Another related class of examples given 
in [34, Section 5.2] are bodies of revolution. Let / : [0,oo) —>■ [0,oo) be a concave 
function with /(O) = 0. Then the body of revolution in R" (with n > 1) defined by 

M ■- {(M,t) e R” : u e R”-\t > 0, Ilw||2 < f{t)] 
where 11-112 above denotes the Euclidean norm in (See figure 4). Note that 



Figure 4. The body of revolution corresponding to / in R^. This 
figure shows two balls of the same radius. 

since / is concave, M is a convex subset of R". By the results of [58], we have 
that M satisfies two-sided Gaussian estimates for the heat kernel corresponding to 
the Neumann Laplacian. Hence by Theorem 1.1 the Neumann Laplacian satisfies 
Poincare inequality in M and satisfies volume doubling. If we set f{x) = x“ for 
some a G (0,1) and by Proposition 3.20 and Theorem 1.4 the ball walk on M 
satisfies two-sided Gaussian bounds. Hence by Proposition 10.3 the corresponding 
ball walk on M C R" with /(x) = x“ is transient if and only if Q!(n — 1) > 1. 






Bibliography 


[1] D. Aalto, L. Berkovits, O. E. Maasalo, H. Yue, John-Nirenberg Lemmas for a doubling 
measure, Studia Math. 204 (2011), no. 1, 21-37. MR2794938 

[2] R. A. Adams, J. F. Fournier, Sobolev spaces Second edition. Pure and Applied Mathemat¬ 
ics (Amsterdam), 140. Elsevier/Academic Press, Amsterdam, 2003. xiv+305 pp. MR2424078 

[3] D. G. Aronson, Bounds for the fundamental solution of a parabolic equation, Bull. Amer. 
Math. Soc. 73 1967 890-896. MR0217444 

[4] D. Bakry, T. Coulhon, M. Ledoux and L. Saloff-Coste, Sobolev Inequalities in Disguise, 
Indiana Univ. Math. J. 44 (1995), no. 4, 1033-1074. MR1386760 

[5] D. Bakry, I. Gentil, M. Ledoux, Analysis and geometry of Markov diffusion operators, 
Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathemat¬ 
ical Sciences], 348. Springer, Cham, 2014. xx+552 MR3155209 

[6] M. T. Barlow, Some remarks on the elliptic Harnack inequality, Bull. London Math. Soc. 
37 (2005), no. 2, 200-208. MR2119019 

[7] M. T. Barlow, R. F. Bass, Stability of parabolic Hamack inequalities, Trans. Amer. Math. 
Soc. 356 (2004), no. 4, 1501-1533. MR2034316 

[8] M. T. Barlow, R. F. Bass, T. Kumagai, Stability of parabolic Harnack inequalities on 
metric measure spaces, J. Math. Soc. Japan 58 (2006), no. 2, 485-519. MR2228569 

[9] M. T. Barlow, T. Coulhon, T. Kumagai, Characterization of sub-Gaussian heat kernel esti¬ 
mates on strongly recurrent graphs. Comm. Pure Appl. Math. 58 (2005), no. 12, 1642—1677. 
MR2177164 

[10] M. T. Barlow, A. Grigor’yan, T. Kumagai, On the equivalence between parabolic Harnack 
inequalities and heat kernel estimates, J. Math. Soc. Japan 64 (2012), no. 4, 1091—1146. 
MR2998918 

[11] M. T. Barlow, E. A. Perkins, Brownian motion on the Sierpinski gasket, Probab. Theory 
Related Fields 79 (1988), no. 4, 543—623. MR0966175 

[12] R. F. Bass, A stability theorem for elliptic Harnack inequalities, J. Eur. Math. Soc. (JEMS) 
15 (2013), no. 3, 857-876. MR3085094 

[13] D. Burago, Y. Burago and S. Ivanov, A course in Metric Geometry, Graduate Studies in 
Mathematics, 33. American Mathematical Society, Providence, RI, 2001. MR1835418 

[14] P. Buser, A note on the isoperimetric constant., Ann. Sci. Ecole Norm. Sup. (4) 15 (1982), 
no. 2, 213-230. MR0683635 

[15] 1. Chavel, Riemannian geometry. A modem introduction, Second edition. Cambridge Stud¬ 
ies in Advanced Mathematics, 98. Cambridge University Press, Cambridge, 2006. xvi-h471 
pp. MR2229062 

[16] S. Y. Cheng and S. T. Yau, Differential equations on Riemannian manifolds and their 
geometric applications. Comm. Pure Appl. Math. 28 (1975), no. 3, 333-354. MR0385749 

[17] T. H. Golding, W. P. Minicozzi, Harmonic functions on manifolds, Ann. of Math. (2) 146 
(1997), no. 3, 725-747. MR1491451. 

[18] J. B. Conway, A course in functional analysis. Second edition. Graduate Texts in Mathe¬ 
matics, 96. Springer-Verlag, New York, 1990. MR1070713 

[19] T. Couhlon, A. Grigor’yan , Random walks on graphs with regular volume growth, Geom. 
Fund. Anal. 8 (1998), no. 4, 656-701. MR1633979 

[20] T. Couhlon, A. Grigor’yan, F. Zucca, The discrete integral maximum principle and its 
applications, Tohoku Math. J. (2) 57 (2005), no. 4, 559-587. MR2203547 

[21] T. Coulhon, L. Saloff-Coste, Puissances d’un operateur regularisant, Ann. Inst. H. 
Poincare Probab. Statist. 26 (1990), no. 3, 419-436. MR1066086 


143 


144 


BIBLIOGRAPHY 


[22] T. Coulhon, L. SalofF-Coste, Varietes riemanniennes isometriques a I’infini, Rev. Mat. 
Iberoamericana 11 (1995), no. 3, 687-726. MR1363211 

[23] E. B. Davies, Large deviations for heat kernels on graphs^ J. London Math. Soc. (2) 47 
(1993), no.1, 65-72. MR1200978 

[24] E. De Giorgi, Sulla dijferenziabilitd e Vanaliticitd delle estremali degli integrali multipli 
regolarf (Italian) Mem. Accad. Sci. Torino. Cl. Sci. Fis. Mat. Nat. (3) 3 1957 25—43. 
MR0093649 

[25] T. Delmotte, Inegalite de Harnack elliptique sur les graphes, Colloq. Math. 72 (1997), no. 
1, 19-37. MR1425544 

[26] T. Delmotte, Harnack inequalities on graphs, Seminaire de Theorie Spectrale et Geometrie, 
Vol. 16, Annee 1997-1998, 217-228. MR1666463 

[27] T. Delmotte, Parabolic Harnack inequality and estimates of Markov chains on graphs, 
Rev. Mat. Iberoamericana 15 (1999), no. 1, 181-232. MR1681641 

[28] P. Diaconis, G. Lebeau, L. Michel, Geometric analysis for the metropolis algorithm on 
Lipschitz domains, Invent. Math. 185 (2011), no. 2, 239—281. MR2819161 

[29] P. Diaconis, G. Lebeau, L. Michel, Gibbs/Metropolis algorithms on a convex polytope, 
Math. Z. 272 (2012), no. 1-2, 109-129. MR2968217 

[30] P. Diaconis, L. Saloff-Coste, Moderate growth and random walk on finite groups, Geom. 
Funct. Anal. 4 (1994), no. 1, 1-36. MR1254308 

[31] E. Fabes, D. Stroock, A new proof of Moser’s parabolic Harnack inequality via the old 
ideas of Nash, Arch. Rational Mech. Anal. 96 (1986), no. 4, 327—338. MR0855753 

[32] A. Grigor’yan, The heat equation on noncompact Riemannian manifolds, (Russian) Mat. 
Sb. 182 (1991), no. 1, 55—87; english translation in Math. USSR-Sb. 72 (1992), no. 1, 
47-77. MR1098839 

[33] A. Grigoryan, Heat kernel upper bounds on a complete non-compact manifold. Rev. Mat. 
Iberoamericana 10 (1994), no. 2, 395-452. MR1286481 

[34] A. Grigor’yan,L. Saloff-Coste, Hitting probabilities for Brownian motion on Riemannian 
manifolds, J. Math. Pures Appl. (9) 81 (2002), no. 2, 115142. MR1994606 

[35] A. Grigor’yan, L. Saloff-Coste, Stability results for Harnack inequalities, Ann. Inst. Fourier 
(Grenoble) 55 (2005), no. 3, 825-890. MR2149405 

[36] A. Grigor’yan, L. Saloff-Coste, Heat kernel on manifolds with ends, Ann. Inst. Fourier 
(Grenoble) 59 (2009), no. 5, 1917-1997. MR2573194 

[37] A. Grigor’yan, A. Teles, Sub-Gaussian estimates of heat kernels on infinite graphs, Duke 
Math. J. 109 (2001), no. 3, 451-510. MR1853353 

[38] A. Grigor’yan, A. Teles, Harnack inequalities and sub-Gaussian estimates for random 
walks. Math. Ann. 324 , 551-556 (2002). MR1938457 

[39] M. Gromov, Hyperbolic manifolds, groups and actions, Riemann surfaces and related top¬ 
ics: Proceedings of the 1978 Stony Brook Conference (State Univ. New York, Stony Brook, 
N.Y., 1978), pp. 183-213, Ann. of Math. Stud., 97, Princeton Univ. Press, Princeton, N.J., 
1981. MR0624814 

[40] M. Gromov, Metric Structures for Riemannian and Non-Riemannian Spaces, Based on the 
1981 French original. With appendices by M. Katz, P. Pansu and S. Semmes. Translated 
from the French by Sean Michael Bates. Reprint of the 2001 English edition. Modern 
Birkhuser Classics. Birkhuser Boston, Inc., Boston, MA, 2007. xx-1-585 pp. MR2307192 

[41] P. Gyrya, L. Saloff-Coste, Neumann and Dirichlet heat kernels in inner uniform domains, 
Asterisque No. 336 (2011), viii-|-144 pp. ISBN: 978-2-85629—306-5 MR2807275 

[42] P. Hajlasz, P. Koskela, Sobolev met Poincare, Mem. Amer. Math. Soc. 145 (2000), no. 
688, x-hlOl pp. MR1683160 

[43] A. Hatcher, Algebraic topology, Cambridge University Press, Cambridge, 2002. xii-|-544 
pp. MR1867354 

[44] W. Hebisch, L. Saloff-Coste, Gaussian estimates for Markov chains and random walks on 
groups, Ann. Probab. 21 (1993), no. 2, 673—709. MR1217561 

[45] W. Hebisch, L. Saloff-Coste, On the relation between elliptic and parabolic Harnack in¬ 
equalities, Ann. Inst. Fourier (Grenoble) 51 (2001), no. 5, 1437-1481. MR1860672 

[46] J. Heinonen, Lectures on Analysis on Metric Spaces, Universitext. Springer-Verlag, New 
York, 2001. x-hl40 pp. MR1800917 

[47] D. Jerison, The Poincare inequality for vector fields satisfying Hormander’s condition, 
Duke Math. J. 53 (1986), no. 2, 503-523. MR0850547 


BIBLIOGRAPHY 


145 


[48] F. John, L. Nirenberg, On functions of bounded mean oscillation, Comm. Pure Appl. 
Math. 14 1961 415-426. MR0131498 

[49] J. Jost, Partial differential equations, Third edition. Graduate Texts in Mathematics, 214. 
Springer, New York, 2013. MR3012036 

[50] M. Kanai, Rough isometries, and combinatorial approximations of geometries of non¬ 
compact Riemannian manifolds, J. Math. Soc. Japan 37 (1985), no. 3, 391-413. MR0792983 

[51] M. Kanai, Rough isometries and the parabolicity of Riemannian manifolds, J. Math. Soc. 
Japan 38 (1986), no. 2, 227-238. MR0833199 

[52] M. Kanai, Analytic inequalities, and rough isometries between non-compact Riemann¬ 
ian manifolds. Curvature and topology of Riemannian manifolds (Katata, 1985), 122137, 
Lecture Notes in Math., 1201, Springer, Berlin, 1986. MR0859579 

[53] B. Kleiner, A new proof of Gromov’s theorem on groups of polynomial growth, J. Amer. 
Math. Soc. 23 (2010), no. 3, 815-829. MR2629989 

[54] N. V. Krylov, M. V. Safonov, A property of the solutions of parabolic equations with mea¬ 
surable coefficients, (Russian) Izv. Akad. Nauk SSSR Ser. Mat. 44 (1980), no. 1, 161—175, 
239. MR0563790 

[55] S. Kusuoka, D. Stroock, Applications of the Malliavin calculus. III. , J. Fac. Sci. Univ. 
Tokyo Sect. lA Math. 34 (1987), no. 2, 391-442. MR0914028 

[56] G. Lebeau, L. Michel, Semi-classical analysis of a random walk on a manifold, Ann. 
Probab. 38 (2010), no. 1, 277-315. MR2599200 

[57] P. Li, Harmonic sections of polynomial growth, Math. Res. Lett. 4 (1997), no. 1, 35-44. 
MR1432808 

[58] P. Li and S.T. Yau, On the parabolic kernel of the Schrdinger operator, Acta Math. 156 
(1986), no. 3-4, 153-201. MR0834612 

[59] S. Meyn, Sean; R. L. Tweedie, Markov chains and stochastic stability, Second edition. With 
a prologue by Peter W. Glynn. Gambridge University Press, Cambridge, 2009. xxviii-|-594 
pp MR2509253 

[60] J. Moser A new proof of De Giorgi’s theorem concerning the regularity problem for elliptic 
differential equations. Comm. Pure Appl. Math. 13 1960 457—468. MR0170091 

[61] J. Moser, On Harnack’s theorem for elliptic differential equations, Comm. Pure Appl. 
Math. 14 1961 577-591. MR0159138 

[62] J. Moser, A Hamack inequality for parabolic differential equations, Comm. Pure Appl. 
Math. 17 1964 101-134 MR0159139, Correction in Comm. Pure Appl. Math. 20 1967 
231-236. MR0203268 

[63] E. Mossel, K. Oleszkiewicz, A. Sen, On reverse hypercontractivity, Geom. Funct. Anal. 23 
(2013), no. 3, 1062-1097. MR3061780 

[64] J. Nash, Oontinuity of solutions of parabolic and elliptic equations, Amer. J. Math. 80 
1958 931-954. MR0100158 

[65] M. M. H. Pang, Heat kernels of graphs, J. London Math. Soc. (2) 47 (1993), no. 1, 50-64. 
MR1200977 

[66] M. Pivarski, , L. Saloff-Coste, Small time heat kernel behavior on Riemannian complexes. 
New York J. Math. 14 (2008), 459494. MR2443983 

[67] J. Roe, Lectures on Goarse geometry. University Lecture Series, 31. American Mathemat¬ 
ical Society, Providence, RI, 2003. viii-|-175 pp. ISBN: 0-8218-3332—4 MR2007488 

[68] L. Saloff-Goste, Analyse sur les groupes de Lie a croissance polynomiale. Ark. Mat. 28 
(1990), no. 2, 315-331. MR1084020 

[69] L. Saloff-Coste, A note on Poincare, Sobolev, and Harnack inequalities, Internat. Math. 
Res. Notices 1992, no. 2, 27-38. MR1150597 

[70] L. Saloff-Coste, Parabolic Hamack inequality for divergence form second order differential 
operators, Potential Anal. 4 (1995), no. 4, 429—467. MR1354894 

[71] L. Saloff-Coste, Lectures on finite Markov chains, Lectures on probability theory and 
statistics (Saint-Flour, 1996), 301-413, Lecture Notes in Math., 1665, Springer, Berlin, 
1997. MR1490046 

[72] L. Saloff-Coste, Aspects of Sobolev-Type Inequalities, London Mathematical Society Lec¬ 
ture Note Series, 289. Cambridge University Press, Cambridge, 2002. x-|-190 pp. MR1872526 

[73] L. Saloff-Coste, The heat kernel and its estimates. Probabilistic approach to geometry, 
405—436, Adv. Stud. Pure Math., 57, Math. Soc. Japan, Tokyo, 2010. MR2648271 


146 


BIBLIOGRAPHY 


[74] L. SalofF-Coste, D. Stroock, Operateurs uniformement sous-elliptiques sur les groupes de 
Lie, J J. Funct. Anal. 98 (1991), no. 1, 97-121. MR1111195 

[75] E. M. Stein, Interpolation of linear operators, Trans. Amer. Math. Soc. 83 (1956), 482—492. 
MR0082586 

[76] K. T. Sturm, Analysis on local Dirichlet spaces III. The parabolic Harnack inequality, J. 
Math. Pures Appl. (9) 75 (1996), no. 3, 273-297. MR1387522 

[77] R. Tessera, Large scale Sobolev inequalities on metric measure spaces and applications, 
Rev. Mat. Iberoam. 24 (2008), no. 3, 825—864 MR2490163 

[78] N. Th. Varopoulos, L. Saloff-Coste, T. Couhlon, Analysis and Geometry of Groups, Cam¬ 
bridge Tracts in Mathematics, 100. Cambridge University Press, Cambridge, 1992. xii-|-156 
pp. MR1218884 


